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1. INTRODUCTION 
101. Object 
The over-all objective of this study was to develop a general 
yield criterion for reinforced concrete plates subjected to combinations 
of bending and twisting moments. The work included tests on slab 
elements and theoretical studies leading to the definition of a general 
yield criterion. 
In addition to the analysis of the conditions at yield, 
detailed studies were made of the load-deformation characteristics of 
reinforced concrete elements subjected to combinations of bending and 
twisting moments. The results of these studie~ are applicable to 
problems concerning reinforcement for membrane forces as well as 
bending moments. 
The theoretical and experimental work confirmed the applica-
bility of Johansen1s criterion under practical conditions, provided 
the principal moments are of equal $ign. The test results shQwed that 
the effect on flexural strength of the reorientation of reinforcing 
bars at the yield lines was. negligible. 
1.2. Outline of Tests 
A study of earlier tests concerning the yield criterion for 
reinforced concrete slabs summarized in Chapter 2 indicated that the 
properties of the test specimens and the methods of applying the 
moments were critical .. Two new types of test specimens were used in 
the investigation: 
1 
2 
(1) The lIcircularll test specimen (Fig. 4020) was used in 
the particular case of applied isostatic moment (equal moments in all 
directions) 0 
(2) The rectangular specimen ~Fig. 4.19) was used for uni-
axial and torsional moments. The moments were applied at the ends so 
that the middle part, the test area, was subjected to constant moment. 
(The dead load moment was negligible.) 
The reinforcement was mutually perpendicular in all specimens. 
The average slab thickness was 4.12 in. Concrete cover was 3/8 in. 
The test setup was designed to minimize the parasitical 
restraints from the supporting and loading equipment. 
The tests included 22 specimens in three different series 
relating to different loading conditions. 
(1) Isostatic Moment 
Three specimens, Cl, C2 and C3, with isotropic reinforcement, 
one percent in each direction . were. subjected .to-:-isostatic moment. .The 
concrete strength was the only variable. 
(2) Uniaxial Moment 
(a)' Three specimens, B4, BIO, and B13, were "standard" 
specimens used as reference for the other tests. The concrete strength 
was between 4000 and 5000 psi and the main layer of reinforcement was 
parallel to the span direction. The amount of steel was one percent 
in each layer. i· 
(b) Two specimens, B5 and B6, were pilot specimens built to 
examine and overcome the edge pr.oblems with inclined rein:forcement. 
3 
The only variable was the inclination of the reinforcement with respect 
to the span. 
(c) Test specimens B7 and B8 had isotropic but inclined 
reinforcement, one percent in each layer. The inclination of the 
o 0 
reinforcement to the direction of the span was 45 for B7, and 22.5 
(d) Three specimens, B9, Bll, and B12, had nonisotropic 
reinforcement, with one percent reinforcement in the "main" direction 
and one half percent in the perpendicular direction. The inclination 
fI 4 0 0 of the "main reinforcement to the span direction was 5, 22.5" and 
(3) Torsional Moment 
(a) The two first test specimens, B14 and B15, of this 
series were pilot specimens cast to study edge problems. The directions 
of the reinforcement were 00 and 450 to the longitudinal axis of the 
specimen. 
(b) Specimens B16, B17, and B18 were all isotropically 
reinforced, top and bottom, with one percent reinforcement in each 
layer. The reinforcing bars made angles of 0, 22.5, and 450 with the 
axis of the specimen. 
(c) Specimens B19 and B20 were also isotropically reinforced 
but with one half percent reinforcement in each layer. The inclinations 
of the reinforcement were 450 and 00 to the longitudinal axis. 
(d) Test specimens B2l and B22 were nonisotropically 
reinforced. The reinforcement in the main direction was one percent 
and in the perpendicular direction one fourth percent. The reinforcement 
4 
was the same top and botto~. The direction of the main reinforcement 
was parallel to the transverse axis~ 
A detailed description of the test setup, procedure and 
results i s given in Appendix A. A survey of measured and computed 
results is given in Table 3.1. 
1.3. Outline of Analytical Studies 
Unlike most analytical studies on plates, the studies in 
this investigation were not concerned with the analysis of reinforced 
concrete structures J but dealt with a reinforced concrete element under 
various external and internal conditions. The following studies have 
been carried out: 
(1) Investigation of the reorientation of inclined reinforc-
ing bars across the yield lines in a reinforced concrete element. 
Computations were made on various assumptions in order to obtain the 
range of the possible reorientation of the reinforcing bars. 
(2) From a simple consideration of a small concrete element 
enclosing a reinforcing bar, an analytical method was developed for 
determining the stiffness of a concrete element and the effectiveness 
of the reinforcement. 
(3) An analytical method was derived for determining the 
"balanced" amount of reinforcement, which denotes the condition for 
which the yield stress in the steel and the limiting strain in the 
concrete is reached simultaneously. The "balanced!! amount of reinforce-
ment depends on the same factors as that for a beam but, in addition, 
5 
is affected by the orientation of the reinforcement and the nature of 
the external moments. 
(4) The direction of the yield line was determined by 
establishing the line of least resistance with respect to the external 
loading conditions. 
(5) A yield criterion was developed and presented in a 
graphical form. 
1· 
·.\ 
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2. HISTORICAL REVIEW 
2.1. Introductory Remarks 
This chapter describes the background for the present 
investigation. The development of the yield line theory is briefly 
recorded. Experimental investigations of the yield criterion are 
reported in more detail. 
The yield-line theory and the yield criterion are closely 
related. The yield criterion describes the role of the material in 
the yield-line theory and will remain as one of the pivotal assumptions 
in further development of the theory. The main goal of this chapter 
is to provide a perspective of the various existing assumptions for 
the yield criterion. 
2.2. The Yield-Line Theory 
The yield-line theory is the theory of plasticity modified 
* to apply to reinforced concrete slabs. Ingerslev (1) developed and 
used the yield-line theory in some analyses of the strength of re-
inforced concrete slabs in 1921. He introduced the concept of a yield 
line with constant bending moment over its entire length and assumed 
that no shear or twisting moments could exist along the yield line. 
When Johansen (2) worked along the same lines, he found that 
the principal moment by itself could not take care of the elementary 
equilibrium conditions along the yield lines. To satisfy the equilib-
rium conditions, Johansen introduced the well known nodal forces, which 
*Numbers in parentheses refer to entries in the Ref.erences'. 
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actually represent twisting moments and shear. Johapsen was then able 
to develop tbe yield-line theory on mathematical grounds. His yield-
line theory will usually give an upper bound solution, which has been 
shown to be the exact solution for a few cases. An upper-bound 
solution may overestimate the carrying capacity. 
In the U.S.A., Prager (3) has carried out general studies in 
plasticity, some of which can be applied to reinforced concrete slabs; 
especially the derivation to determine whether an upper bound solution 
is an exact solution. 
Hillerborg (4) has developed an II equilibrium theoryll or the 
100,. 
Ifstrip method.!! He chooses two of the three unlmowns in the plate 
equilibrium equation and lets the equilibrium condition determine the 
third unknown. This method gives lower-bound solutions, and may in 
some cases give a rather low estimate of the carrying capacity. 
Nielsen (5) follows to a certain extent the same line as 
Prager and finds both upper-bound and lower-bound solutions. Where ,,.. 
these two solutions coincide, the result is exact. If the solutions 
do not coincide the lower-bound solution may give a good idea how well 
the yield-line theory can estimate the carrying capacity in a specific 
case. 
Although the conventional yield-line theory as developed by 
Johansen may be on the unsafe side, experiments show generally a higher 
carrying capacity than predicted by the theory. This has led Wood (6) 
to examine the effect of the membrane forces. He has further pointed 
out that reinforcement inclined to the yield-line maj;..be b.ent across the 
crack in the concrete and consequently increase the yield moment. 
f'-· 
I 
. :.~' 
; .::, 
"-.;' 
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Kwiencinski (7,8) adopted the idea that reinforcement inclined 
to the failure line is partly bent across the failure line and coupled 
this with Ingerslev's assumption of no twisting moment in the yield 
line. On these assumptions, he developed a new approach to the yield-
line theory. 
In spite of numerous papers on this subject, with critical 
remarks and new ideas, the yield-line theory in practical use is the 
one developed by Johansen. His theory has proved to be very useful for 
determining the ultimate carrying capacity of reinforced concrete slabs. 
But Johansen's assumptions of the underlying yield criterion has not 
been confirmed by experiments. In fact, the most recent test series 
(11,12) may have added more confusion than confidence to the assumed 
yield criterion. 
2.3. The Yield Criterion for Reinforced Concrete Plates Used by Johansen 
Johansen has based his theory implicitly on a yield criterion 
which can be interpreted as described below for the three practical 
conditions of reinforcing schemes: 
(1) Isotropically reinforced plate 
The yield criterion is shown graphically in Fig. 2.1a. The 
bold lines show the yield condition for the moments in the x- and y-
directions. 
Because of its shape, Johansen's yield criterion is often 
referred to as the "sCluare" yield criterion, and it states: The 
ultimate moment in one direction is independent of the moment in the 
perpendicular direction. In the graphical presentat~on in 2.1a no 
9 
twisting moment is shown. Occas ionally the II square I: yield criterion 
is presented in three dimensions with respect to the M ,M and M 
x y xy 
axes. But this seems to result in an unnecessarily complicated yield 
surface. The M and M axes can always be rotated so that they coincide 
x y 
with the principal directions of the external moments, and the twisting 
moment becomes zero. According to Johansen, the internal (resisting) 
moments are equal in all directions and do not produce twisting 
moments along the yield line. 
(2) Nonisotropically reinforced plate 
In the case where the directions of the reinforcement and the 
principal moments coincide, the yield criterion can be represented 
graphi.cally in two dimens ions. Figure 20 lb shows a case with unequal 
amounts of reinforcement in the top and bottom of the plate but each 
level contains isotropic reinforcement. In Fig. 2c the reinforcement 
: :; 
in top and bottom of the slab is identical but with different amounts t·': 
in the two directions. 
A general case is shown in Fig. 2.ld. It may be considered 
as a combination of the cases in Fig. 2.lb and 2.lc. 
If the directions of the reinforcement and the principal 
moments deviate, the twisting moment is no longer zero. For a graphical 
presentation, a common practice is to let the twisting moment make the 
third axis in a three-dimensional coordinate system. The result is a 
conical yield surface. Because this graphical method may not give a 
very clear illustration of the yield conditions, and because it is not 
absolutely needed in this chapter, it will not be explained or discussed : { 
•. ;.1 
here. The relationship between the moments M ,M and M . can be 
x y xy 
10 
determined from Mohr's circle, Fig. 2.2a, in the same way as for the 
stresses ox' a and T respectively. y xy 
(3) Skew reinforcement or reiQforcement in more than two directions 
In this case Johansen considers the two principal directions 
of the moment resistances provided by the various directions of 
reinforcement. Referring to Fig. 2.2b, the principal moment capacities 
are 
and their directions are CPl 2' 
, 
tanCPl 2 , 
IN . s in2cX . 
l l 
IN cos2cX. i l 
1,2, ... 
i 1,2, ... 
The case may be considered equivalent to an orthogonally but non-
(2.1) 
(2.2) 
isotropically reinforced plate for which the moment capacities in the 
CPl and ~2 directions are Ml and M2 respectively. 
Johansen's yield criterion has the same characteristics as 
that used in the general theory of plasticity. The plastic strains are 
perpendicular to the yield surface (or the yield line). In the 
corners of the various yield criteria shown in Fig. 2.1 the strains are 
in an unstable position with respect to direction. 
Johansen writes it is imperative that the yield-line theory 
should be consistent with test results if theory is to be used in 
practice. In order to examine his theory, he compares his theoretical 
11 
predictions vlith test results of slab tests obtained by Bach and 
Graf (9), and himself (2). Johansen finds that his theory is in 
reasonably good agreement with the test results; but the yield criterion 
is never tested explicitly. All that can be concluded is that the total 
or lraverage" effect of the assumed yield criterion for the specific test 
slabs is reasonably close to the predicted effect. 
Direct investigations of the yield criterion for reinforced 
concrete plates have been reported in two cases, namely the investi-
gations by Nielsen (10) at the Academy of Engineering, Copenhagen, 
and Baus and Tolaccia (11) at the University of Liege. 
2.4. Tests by Nielsen (10) 
Nielsen tested reinforced concrete plates subjected to pure 
torsion. For isotropic reinforcement, his loading condition would 
correspond to the corners of the yield criterion in ~uadrants 2 and 4 
as shown in Fig. 2.1a, since M = -M , or -M = M . 
x Y x Y 
The specimen is shown in Fig. 2.3. The upward and downward 
loads provide the torsional moment. The forces from the concentrated 
loads were transmitted to the plate by steei channels along the edges. 
The reinforcement was welded to the channels. Table 2.1 gives speci-
fications of the test specimens and the results. Both isotropically 
and nonisotropically reinforced slabs were tested. The symbol ~ denotes 
the ratio of the amount of reinforcement in one direction to that in 
--
the perpendicular direction such that ~ is less than or e~ual to unity. 
In all test specimens the directions of the yield lines were observed 
to be inclined at 45 degrees to the reinforcing bars. Let M and ~ be 
j':.'" 
{ .. ~ 
! 
.... - }-
I 
i 
--! 
..... ;.,,..: 
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the yield moments in the directions of the steel bars. According to 
Johansen, the yield moment across the observed yield line is 
M 
a 
M 2 "M· 2 cos a + ~'l Sln a ~ (1 + ~) 
Nielsen assumes that the ratio between the concrete stresses in the 
direction of the reinforcing bars, is also~. Furthermore, he assumes 
that the usual relations between stresses based on equilibrium and 
represented by Mohr l s circle are valid. From Nielsen l s assumptions 
it is derived for small percentages of steel 
~ = M..jf7 ( 2 . 4) 
Thus, the ratio between M in Eq. 2.3 and 2.4 is 1/2(~ + l)/~~. It 
a 
may be noticed that only in specimens 3 and 4 in Table 3.1 will there 
be a marked difference between the predictions of Eq. 2.3 and 2.4. 
Consequently, the close correlation between measured and calculated 
values indicated in the last column of Table 2.1 supports Johansen as 
well as Nielsen, except for the results of specimens 3 and 4. 
The use of steel channels welded to the reinforcing bars 
along the edges of the specimens gives rise to the following objections: 
(1) When a reinforced concrete cross section is subjected to 
bending cracks, the neutral axis moves towards the compression zone. 
The plane at the mid-height of the section expands in the direction of 
the bending moment. In a plate with equal top and bottom reinforcement, 
the expansion at mid-height is independent- of the sign of the bending 
13 
moment. Thus the torsional moment which can be represented by two 
perpendicular moments of opposite sign, results in an expansion of the 
plane at the mid-height in all directions. The edge channels resist 
an expansion of the plate and act like prestressing rods along'the 
edges. 
(2) The channels exclude the possibility of a Il shear ll failure 
that would occur along a line parallel to an edge. 
(3) The channels force the yield lines to form along a line 
making an angle of 45 degrees with the edge. Although it may be argued 
that the yield lines should form at 45 degrees to the edges even in the 
case of nonisotropic reinforcement, the edge channel excludes any 
verification of this assertion. 
2.5. Tests by BaliS and Tolaccia (11) , 
Baus and Tolaccia, under the direction of Professor Louis 
and Professor Massonet, have carried out the first systematic experi-
mental research to determine the yield criterion for reinforced concrete 
plates under uniaxial and biaxial moments. Their reinforced concrete 
test specimens were 1.30 by 1.3Om with a thickness of 8 cm. Cylinder 
tests (15 by 30 cm) at 28 days gave a compressive strength of 
280 kg/cm2 (4000 psi). The reinforcement was 10 mm bars of flat top 
steel, yield stress was 2830 kg/cm2(40,300 psi) and ultimate stress 
was 3830 kg/cm2 (54 ,500 psi). The loading system is shown in Fig. 2.4. 
1-
_ The jacks are so connected that the leverarms can give a uniformly 
distributed moment along each edge. The reinforcement in two typical 
plates is shown in Fig. 2.5a and b. The investigators found it 
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necessary to provide the extra reinforcement along the edges to prevent 
the jaws or the forks of the leverarms from breaking the edges of the 
specimen. Some test results are shown in Fig. 2.6. The results shown 
in Fig. 2.6a refer to the specimen described in Fig. 2.5a and those 
in Fig. 2.6b refer to the specimen in Fig. 2.5b. The shape of this 
yield criterion is quite different from that of Johansen which is 
shown in Fig. 2.6 by broken lines. Baus and Tolaccia illustrate the 
difference of the two yield criteria applied to the yield lines in a 
practical case, Fig. 2.7. The investigators suggest several reasons 
for the increase of moment capacity in going from uniaxial to biaxial 
bending. Some of their suggestions are quoted below. For the case 
with the reinforcement parallel to the edges of the plate and for 
biaxial moments of equal signs: "The concrete on the compression side 
~s subjected to biaxial compression. This causes an effect analogous 
to that of a precompression of the specimen. This effect is most 
important when the compressive stress and Poisson's Ratio of the 
concrete are high.1I For the case with reinforcement parallel to the 
edges and biaxial moments of opposite signs: liThe tensioned concrete 
surrounding the steel is subjected to a transverse compression which 
squeezes. it against the bars, thus augmenting its bond and hindering 
the cracking. If one assumes that cracking of the concrete in tension 
is not produced before the reinforcement reaches plastification, the 
moment required in order to obtain this plastification is also a 
function of the tensile strength of the concrete." For the reinforce-
ment inclined 45 degrees to the edges of the pla te:. liThe moment 
capacity of a test specimen or a plate element is dependent on the 
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crack formation in the concrete. It is differentiated between the 
general crack direction and the local crack direction and the local 
crack direction. The latter is a result of the former. The 
reinforcing bars are plastified perpendicularly to the local cracks 
and thus the plate gains strength in this direction. 1I 
What Baus and Tolaccia term "perpendicular plastification" 
has been referred to as T!kinking" by Wood (6 ) who has demonstrated 
it with the sketch shOvlI"l in Fig. 2.8. Initially the reinforcing bar 
is inclined to the crack. As the crack opens, the bar is bent or 
kinked across the crack. 
Baus and Tolaccia!s concept of the tendency of reinforcement 
to bend across the crack is more complex than the idea presented by 
Wood. Figure 2.9a shows the case of uniaxial moment with the reinforce-
ment inclined at 45 degrees to the moment direction. In this case 
the investigators assume no local change of the direction of the 
reinforcement. Figure 2.9b shows the case with equal moments in all 
directions. According to Baus and Tolaccia, the reinforcing bars in 
one direction are bent, while the bars in the other direction remain 
straight. 
The problem of "perpendicular plastification" or "kinkinglf 
is an important one and will be discussed in detail in Chapter 3 of 
this report. However, certain remarks are pertinent here. 
If reorientation of the reinforcement is to be claimed at 
all, it is difficult to see how it can be ignored for the condition 
shown in Fig. 2.9a. The phenomenon claimed in Fig. 2.9a is kine-
matically inadmissible, as is the one shown in Fig. 2.9b. Furthermore, 
! 
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if it is considered that Fig. 2.9b refers to a case of equal moments 
in all planer directions, it would appear that while the moment 
capacity in one direction is enhanced by the reorientation of the 
reinforcement, the capacity in another direction is reduced. 
A crucial question is whether the test specimen used by Baus 
and Tolaccia represented an element of a concrete plate with the 
moments well controlled and known throughout the element. The moments 
from the levers used should provide a uniformly distributed moment 
within a short distance from the edge, according to St. VenantTs 
principle. This is shown in Fig. 2.10 along cross section A-A. 
Noticing that the unit moment capacity of the edges which have 
additional reinforcement is approximately twice that of the center part 
of the specimen, the distribution of the yield moment is as shown for 
section B-B in Fig. 2.10. 
The transition from the uniformly distributed moment to the 
stepwise uniformly distributed moment will bring in moments in the 
perpe~dicular direction and also twisting moments. Figure 2.11a shows 
appycx~ately the paths of the stress trajectories of the tensile 
f2yce~ :~ the case of an applied uniaxial. moment. The compatibility 
co~d::::~s force the trajectories of the stresses in the compression 
zone cf the concrete to take much smoother paths, Fig. 2.11b) 
Figure 2.11 demonstrates that a moment in one direction may set up 
significant stresses in the perpendicular direction. By considering 
the components of the forces, the forces in the perpendicu~ar direction 
can be estimated to be about 20 percent of the forc~s in the reinforce-
ment in the direction of the moment. 
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The confinement of the interior part of the test specimen is 
further enhanced by the different position of the neutral axis in the 
middle and in the edge strips (see Fig. 2.12). If it is assumed that 
shear forces will keep the curvature approximately uniform across the 
specimen, the tendency for horizontal expansion at mid-height is con-
siderably larger for the light reinforced middle part than for the 
heavier reinforced edge strip. 
The over-all effect on the test area (the area with lighter 
reinforcement as shown in Fig. 2.5) is similar to the effect obtained 
by prestressing the plate. 
Figure 2.13 shows the crack pattern for the plate in Fig. 2.5a 
subjected to uniaxial moment. The diagonal cracks in the corners 
support the hypothesis about uneven moment distribution. An isotropic-
ally reinforced element subjected to a uniaxial, uniform moment should 
not develop diagonal yield lines. 
2.6. Tests by Kwiecinski (12) 
Kwiecinski's investigation was closely related to his yield-
line theory, which is based on the two principles: 
1. Partial "kinking!! of the reinforcement. 
2. No twisting moment can ~xist along the yield-line. 
Kwiecinski tested 16 specimens to check the first point. The 
specimen and loading conditions are shown in Fig. 2.14. The reinforce-
ment net is the same for all specimens, but rotated 15, 30 and 
45 degrees with respect to the span direction. KwiecinskiTs interpre-
tation of the test results is shown in Fig. 2.14b. 
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In Kwiecinski 1 s theory the effect of kinking is assumed to 
be maximum when the reinforcement is inclined at 45 degrees to the 
moment direction (see Fig. 2.14) and the effects of kinking for other 
inclinations are related to the maximum value. 
From the interpretation of the results of his tests, 
Kwiecinski concluded that the maximum enhancement of the moment 
capacity attributable to kinking was 18.8 percent, a quantity in 
reasonable agreement with a statement by Wood (6) who found the 
corresponding magnitude to be 16 percent. Wood has not, however, 
reported the tests leading to his conclusion. 
Kwiecinski used small specimens (Fig. 2.14). Seven or eight 
bars crossed the yield line. No provision was made to provide 
anchorage of the end of the bars. The specimens with bars inclined 
to the edges, failed in bond. In evaluation of the moment capacity, 
the investigator considered a reduced number of bars. Considering 
that up to 50 percent of the bars may be subjected- to bond failure, 
the modified test results are bound to depend on personal opinion 
and experience. 
2.7. Tests by Houbolt (13) 
This investigation was carried out in 1941-42, before the 
discussion of kinking had started. The object of the investigation 
was to examine the effectiveness of reinforcement in skew bridge slabs, 
where the layers of the reinforcement may make different angles with 
each other and with the directions of principal mom~nts. Hence, this 
too was an investigation on the kinking phenomenon. 
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The test slabs were 5 ft 3 in. square in plan and had an 
over-all depth of 5.17 in. The span was 5 ft. The loads were applied 
at the third points of the span as shown in Fig. 2.15. The bars made 
angles of a l and a2 with the direction of the span. The spacing of 
the 3/8-in. plain round bars and their orientation are given in 
Table 2.2 for the 15 test slabs. The bars were hooked at the ends. 
The yield stress was 50,200 psi. The effective depths of the bars and 
the concrete strength are listed in Table 2.2. The calculated values 
of the moment are based on an conventional interpretation of the 
effectiveness of the reinforcement with kinking completely ignored. 
The comparison of the measured and calculated values does not 
indicate any significant kinking. To the contrary, the carrying 
capacity tends to decline somewhat when the direction of the reinforce-
ment deviates from the span direction. The test specimen rested on 
kink-edge supports restrained from horizontal motion. Generally such 
supports will have the following effects: (1) the supports set up 
axial forcEs (~embrane forces) that will tend to increase the carrying 
capacity, a~i (2) the supports partly hinder twisting of the slab that 
may be prci·..:.:::ei cy nonisotropic reinforcement. A twisting moment 
caused by ~~E ~e~~forcement will influence the formation of the yield-
lines so tts~ ~~e carrying capacity of the slab is minimized. Unless 
twisting does not exist or is completely prevented, it is not correct 
to assume the yield line to form perpendicular to the external principal 
moment, as done by Houbolt. In two particular cases, H7 and H15, 
Houbolt reported that the slab corner was lifted off the support which 
indicates that these two specimens had an angle of twist. These two 
I 
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tests rank with the very lowest lIeffectiveness" in Table 2.2. Con-
sequently) the scatter in the last column in the table is partly due 
to erroneous assumptions. The study of formation of yield-lines and 
moment capacities will be dealt with in detail later. It can be 
concluded the Houbolt test results are satisfactory with regard to 
kinking, but other important properties were obscured by the support 
conditions. 
2.8 . Tests by Silver j. {+4) 
Silverj investigated reinforced concrete specimens subjected 
to uniaxial bending. His test setup has several similarities with 
that of Houbolt. By coincidence, Silverj1s study has been in effect a 
continuation of Houbolt's work. Some details of Silverjts test setup 
are shown in Fig. 2.16. The load was applied by 24 equally spaced 
jacks in the test area. Silverj was primarily interested in non-
isotropically reinforcement and tested specimens with reinforcing bars 
in one direction only, see Fig. 2.17. Nineteen tests were carried out, 
five tests with the reinforcement parallel to the span, three series 
of tests each comprising three specimens were carried out with the 
reinforcing bars inclined 15, 30 and 37.5 degrees to the span, and 
finally four tests were carried out with the bars at 45 degrees to the 
direction of the span. The amount of reinforcement varied from 0.49 
to 1.00 percent. The bars were of lIflat-top" steel with yield stress 
3020 kg/cm2 (43,000 psi). The concrete strength was 350 kg/cm2 
(5000 psi) after 6 hours of steam curing a~d eventually rose to about 
450 kg/cm2 (6400 psi) after 10 days. The concrete strengths refer to 
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7-cm cube tests. The resulting moment capacities at yield and ultimate 
are shown in Fig. 2.18. In order to compare the test results directly, 
the moments are divided by the respective number of bars, n, crossing 
the testing area and the distance, j, from the center of the reinforce-
ment to the resultant compression force in the section. 
According to Johansen, the effectiveness of a reinforcing 
bar declines as cosa, where a denotes the deviation from the direction 
of the span. If a normalizing of the reinforcement takes place in the 
direction of the span, the effectiveness of a reinforcing bar is not 
reduced by a deviation from the direction of the uniaxial moment. 
SilverjTs test results indicate no significant effect of partly 
normalizing or kinking of the reinforcement. It is interesting to 
observe that in most test specimens the curvature is concentrated at 
one yield line, as would also be expected in the case of a live load. 
The mode of failure is similar to that in the investigations of :t 
Kwiecinski (12), but the conclusions of the two researchers do not 
agree. 
SilverjT s experiments do not give conclusive information 
about the formation of yield lines for two reasons: 
1. The cracking moment was of the same magnitude as the 
yield moment, in some cases even greater than the yield moment. 
2. The supports were not able to rotate about an axis in 
the direction of the span and resisted twisting moments along the yield 
line. 
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2.9. Tests by Peter (15) 
Peter's object, as Houbolt's, was to examine any possible 
decrease in effectiveness of the reinforcement whose direction deviates 
from the external principal stresses. He investigated reinforced 
concrete plate elements subjected to tension. The test specimens were 
160 by 160 by 8 cm. The bars made angles of a l and a 2 with the 
direction of the tensile force. The diameter, spacing and the orienta-
tion of the reinforcement are given in Table 2.3 for seven test 
specimens. The bars were hooked in the ends. The yield stress was 
about 4500 kg/cm2 (64,000 psi). The tensile forces in column 8 of 
Table 2.3 were calculated ignoring any possible reorientation of the 
reinforcement at the cracks. Furthermore a reduction of 10 percent 
was used to account for "size effect,lI this effect being attributed to 
possible imperfections in the test specimen and setup_ Peter considers 
the Ilkinking-phenomenon" to be a local distortion related entirely to 
the crack and the characteristics of the reinforcement, whatever 
causes the cracking. Peter1s, Houboltls, and Silverj1s test results 
support this idea. Duplicate tests give an indication of the scatter 
of the test results. It can be concluded that kinking did not result 
in any significant change of the tension capacity in the test series 
carried out by Peter. 
2.10. Concluding Remarks 
The yield-line theory is generally recognized as a powerful 
method for determining the carrying capacity of slabs. The theory has 
not, however, had a corresponding progress as a design method--or more 
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correctly as a proportioning method outside the U.S.S.R. There is no 
doubt, however, that the yield-line theory has greatly influenced 
building codes in most countries. 
Comit{Europeen du Beton has made preparations to introduce 
the yield-line theory as a design method in the European countries, 
probably in a modified form which will guard against excessive 
deformations. This development has intensified the discussion of the 
yield-line theory. The discussion so far has not resulted in a clear 
crystallization of the theory. Since Johansen (2) introduced his 
nodal forces to satisfY the equilibrium conditions, the physical 
interpretation of these forces have been a topic of discussion. For 
example, Nielsen (16) introduces nodal forces of "type 1 and 2,11 while 
Wood (17) writes about I1Reasons for the occasional breakdown of nodal 
force theory.!! The result is that the engineer avoids the whole 
problem by considering the virtual work equations instead of the 
equations for equilibrium. The total work done by the nodal forces is 
always zero and thus the nodal forces do not enter the work equations. 
However the theory of virtual work has also got its problems. 
Prager (3) and later Nielsen (5) ,for instance, claim that the ilexact" 
solution is known for a square plate, while Nylander (18) shows that 
he can arrange the yield-lines such that the carrying capacity of the . i 
'" ! l'.'! 
plate is less than that given by the "exact" solution, as illustrated 
in Fig. 2.19. 
It seems to be more and more realized by everyone that one 
of the major causes that contributes to the confusion is the absence t .... ~ 
of a generally accepted yield criterion. 
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The described research work at the University of Liege are 
the only investigations whose object was to determine the entire yield 
criterion experimentally. Several other investigators have been 
concerne"d by various facets of the question. Thus, the local normaliz-
ing of the reinforcing bars has been the subject of considerable 
attention. In chronological order, the conclusions with regard to 
this problem have been as follows. Houbolt (l3) did not even consider 
the possibility of a signtficant effect from a normalizing of the 
reinforcement, neither did his test results indicate anything in that 
direction. Wood (6) wrote in his book that in tests carried out at 
the Building Research Station an increase of up to 16 percent in yield 
moment was recorded in the case of reinforcing bars crossing the yield 
line at an angle of 450 . Nielsen's experiments (10) where the re-
inforcing bars also were inclined 45 0 to the yield line, indicated 
no significant effect of normalizing of reinforcing bars. The 
investigators at the University of Liege let this effect playa major 
role in their explanation of the obtained increased moment capacity 
under biaxial bending. Kwiecinski found a significant kinking effect 
for specimens under uniaxial mome~t and with the bars deviating from 
the span direction. At Liege no similar effect was found in the 
corresponding cases. 
It can certainly be concluded that many questions are still 
open within the yield-line theory. But the first requisite for 
progress is a solid foundation, a well confirmed yield criterion for 
reinforced concrete slabs. 
i-
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3. EFFECTIVENESS OF REINFORCING BARS INCLINED 
TO THE PRINCIPAL STRESS AXES 
3.1. Introductory Remarks 
This chapter describes the studies carried out in the present 
investigation in relation to the problem of local normalizing of re-
inforcing bars to the yield lines. The object of the chapter is to 
arrive at a conclusion with regard to the significance of the effect 
of the normalizing of the reinforcing bars. 
Before introducing the present investigation, it may be 
pertinent to offer a few critical remarks on the traditional presenta-
tion of the problem, illustrated by the sketch in Fig. 3.1a. A 
reinforcing bar is inclined to the local direction of the crack. As 
the crack opens, the bar becomes normal to the crack. This would be 
a complete normaliz ing or IT full kinking. II If the concrete crushes at 
the edge of the crack, the bar is bent less. This would be a partial 
normalizing or "partial kinking. 1T It seems obvious from this sketch 
that some reorientation of the reinforcing bar must take place. In 
Fig. 3.lb, the same case is shown in more realistic proportions as it 
may appear in a slab with a deflection several times that at yielding 
of the reinforcement. In this case, it is unreasonable to expect 
significant effects from reorientation of the reinforcement. 
The work presented in this chapter is based on analytical 
studies and experiments on reinforced concrete plate specimens. 
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3.2. Premises Used in the Analytical Solutions 
With the help of idealized assumptions about the materials 
involved and the geometry, it is possible to make analytical studies 
of the possibilities of the normalizing of reinforcing bars to the 
yield lines. General premises on which these studies are based are 
discussed in this section. 
First it should be mentioned that the possibility of a 
reduction in strength caused by bar reorientation will not be considered 
because no such effect has been measured or theorized. It is . true that, 
if the reinforcing bars are not colinear with the principal stresses, 
the moment for a given elastic deformation may be less. However, the 
ultimate moment resistance is not known to be reduced. 
Two ass-wmptions are made with reference to the reinforcing 
bars: 
(1) The reorientation of the reinforcing bars is considered 
to be a local phenomenon at the yield line, so that it is sufficient 
to consider a single bar that crosses the crack or yield line at an 
angle other than 90 degrees 0 
(2) The bending stiffness of the reinforcing bar is assumed 
to be negligible. The bending stiffness is effectively zero for a 
bar of "flat-topTl steel which is already subjected to its axial yield 
force, if the axial force remains constant as the bar bends. 
Three different solutions are dev~loped for three different 
assumptions about the mechanical behavior of the materials: 
(1) The stress-strain curve for the concr~te is assumed 
to be linearly elastic. 
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(2) The stress-strain curve for the concrete is assumed 
to be rigid-plastic. 
(3) An analysis of the bar reorientation phenomenon is 
made independently of the stress-strain curve for the concrete in 
compression by assuming that the increase in force perpendicular to 
the section made possible by bar reorientation is transferred from the 
steel to the concrete uniformly over a finite length. 
3.3. Reorientation of Bars inlElastic" Concrete 
Consider Fig. 3.2. From geometry it can be concluded that 
the reinforcing bar is antisymmetric with respect to the intersection 
between the center lines of the crack and the bar. Therefore, this 
point of intersection will remain fixed independently of the width of 
the crack and the conditions on either side of the crack. Using the 
coordinate system shown in Fig. 3.2b, the e~uilibrium conditions 
require 
- q 
whe::-e _ force in the bar 
q pressure per unit length exerted on the concrete by the bar. 
Since the concrete is assumed linearly elastic, the pressure, ~, can 
be expressed as 
- ky 
From E~. 3.1 and 3.2 
k Py 
s 
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0) for x > 0 
Solution of this differential equation is 
a 
where IT exp" stands for the exponential function" for example, exp a = e . 
A and B are constants determined by the boundary conditions 
(1) x ~ 00, lim y = 0) A = 0 
(2) x = 0) y_yl (0.5w cosa - y tana) = -0.5w sina 
where a is the inclination of the bar with respect to the perpendicular 
to the crack as shown in Fig. 3.2, and w is the width of the crack. 
The relation in the boundary condition (2)· is derived from the geometry 
shown in Fig. 3.2) and the .antisymmetry as explained in the beginning 
of this section. 
Combining Eq. 3.4 and the boundary condition (2) 
B 
J
;---, 
k w 1 + -- - cosa 
. F 2 
s 2$: tana 
2 r: w tana sina 
'\ s 
J'k' 2 (1 + -- ~ cosa) F 2 s 
Because w is small compared with unity 
B ~ -0.5w sina 
1-
Substitu~ing Eq. 3.6 into Eq. 3.4 (A 0) 
y ;::: -0·5w sina exp (-JE x) 
B 
! j 
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The slope is found by differentiation, 
y' ;:: o. 5*. sino: exp (- F: x) (3·8) 
At the edge of the crack, x 0, 
-0.5w sino: 
and 
'k y' ~ +0·5w Iv sina 
o \ s 
(3.10) 
Equation 3.10 expresses the reorientation of the bar related to its 
original direction. In a specific case, F and a are known, w may be 
s 
given, assumed or measured. The "spring" constant, k, can be estimated 
from the modulus of elasticity of the concrete and the geometry of 
the section. A numerical example will be given in Section 3. 6 . 
3.4. Reorientation in "Rigid-Plastic" Concrete 
The assumption implies that the pressure, q, exerted by the 
reinforcing bar on the concrete, is constant over a length, L , which 
P 
is required for equilibrium. This is the only difference from the 
previous case. Hence 
d2 3-~+ = 0 o < x < L 
dx2 F - p s r-
(3.11) 
Solution of Eg,. 3·11 
q 2 
+ Cx·+ D y = 
- 2F x (3.12) 
s 
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where C and D are constant determined by the boundary conditions 
x = L ) y = 0 and y 1 = 0 p (1) 
(2) x = 0) y_y' (0.51-1 cosO: - y tano:) = -0.5w sino: 
Condition (2) was explained in Section 3.3. 
Substituting Eq. 3.12 into the boundary conditons (1) and (2) 
-0·5 ~L 2 F p 
s 
~L + C F P s 
D - C (0.5w 
Solution of Eq. 3.13 
+ C L + D 
P 
0 
coso: - D tano:) 
C = .-9:.. L F . 
s P 
D -.:l 2 
- 2F L 
s p 
where L ca~ be determined by p 
jL ~anO: L3 + L2 + w coso: L 
";' P P P 
~ 
0 
-0.5w sino: 
Fw 
_s_ sino: 
q o 
For small va:'.les of L the following approximation for L can be p p 
derived 
(3.16) 
The values of y and yT at the edge of the crack, x 0, are found by 
substituting Eq. 3.17 into Eq. 3.14 and 3.15 
" 
-::; 
_ .. 
{ .. 
: ! 
~. J 
j 
Yo F'd -0·5w siro 
q sincx 
F 
s 
As in the previous section y' is the deviation of the bar from its 
o 
original direction at the edge of the crack caused by the bar 
reorientation at the crack. 
3.5. Reorientation of Bars Based on Constant Rate of Transfer 
It is assumed that the enhancement in force perpendicular 
to the section due to reorientation of the reinforcing bars is 
uniformly distributed over the length, L, in Fig. 3.3. Indirectly, 
this may require some crushing of the concrete at the edge of the 
crack. 
The assumed rate of force transfer is possible if the bar 
bends into the shape described by Eq. 3.20 
where the coordinate system is as shown in Fig. 3·2b and Al , Bl , 
and Cl are constants which can be determined from the boundary 
conditions 
(1) x = L, o 
and o ;-
(2) x 0, y_yf (0.5w cosa - y tana) -0.5w sina 
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The derivation of (2) is explained for the corresponding case in 
Section 3.3. 
Substituting Eg. 3.20 into the boundary condition (2) 
o 
Combining boundary conditions (1) with Eg. 3.21 
-(L + w cosa) + ~(L + w cosa)2 + 4Lw sina tana 
2L tancx 
The other constants can be expressed in terms of Bl 
Al 
Bl 
2L 
Cl 
B1L 
2 
Because w is very small in relation to L, Eg. 3.22 can be simplified 
considerably without any significant loss in accuracy. Thus 
A w. 1 ~ -0·5 :2 slncx; 
L 
w ~ L sino:; 
TPe values of y and yT at the edge of the crack, x 0, are 
w 
L sino: 
The slope, yl, represents the reorientation of the bar across the 
o 
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crack. The distance, L, may be estimated on the basis of observation 
or empirical formulae. 
It is also interesting to check whether Eq. 3.20 is con-
sistent with the basic assumption used in this section: uniform rate 
of force transfer from the bar to the concrete. 
The transferred force, F , at any point, x, is 
x 
F = [cos(a - ~ ) - cos(a - ~)]F 
x 0 s 
(3.28) 
where ~ is the reorientation at x = 0 and ~ is the reorientation at 
o 
an arbitrary x. For the small angles that occur in this case ~ may 
o 
be approximated with y~ and ~ with yl, and cos~o ~ cos~ ~ 1.0, 
sin~ ~ ~ and sin~ =~. Introducing these approximations and the 
o 0 
expressions for yl and yl into Eq. 3.28 
o 
F 
x 
wx sino: F 
L2 s 
Equation 3.29 expresses that the force is transmitted from the steel 
over to the concrete at a constant rate, which agrees with the original 
assumption. 
3.6. Discussion of the Analytical Solutions 
In order to demonstrate and discuss the results of the three 
analytical approaches, the following case is chosen: 
(1) The reinforcement is i~otropic and is made up of 0.5-in. 
bars spaced at 4 in. The yield stress of the steel is 40,000 psi. 
(2) The concrete strength, f', is 5000 psi. 
c , 
The modulus of 
elasticity, E , is assumed to be 3,000,000 psi. The "plastic" pressure 
c 
34 
on the concrete is also assumed to be 5000 psi. A fairly high estimate 
of the TI spring constant;' k, of the concrete gives k = 2E /3 
c 
2,000,000 psi. The concrete cover is 005 in. a is 45°. 
(3) The minimum crack spacing is expected to be about 1 in. 
These numerical values are introduced in the previous three 
derivations 0 
Assuming concrete to be linearly elastic, from Eq. 3.10 
Assuming concrete to be rigid-plastic, from Eq. 3019 
Y I = o. 48 .,J-;;; 
o 
Assuming uniform transfer of the increment force due to 
normalizing of the bar, from Eq. 3.27 
yl = J2 w 
o 
The following consideration results in an upper limit for 
all three of the analytical approaches. Consider a section of a 
reinforced concrete slab as shown in Fig. 3.3. If the bars are 
reoriented at the cracks, a section through a crack will develop an 
increased moment capacity. Such an increase of capacity can be 
effective only if the section between the cracks is able to resist the 
increased moment. The path of a reinforcing bar is antisymmetric with 
respect to the center line between the cracks. The direction of the 
bar is not changed at this point. Therefore, the concrete has to 
resist the additional moment due to the reorientation of the bar at the 
,.\ 
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crack. That is, an enhancement of the moment capacity due to bar 
reorientation ca~~ot exceed a magnitude corresponding to the cracking 
moment of the section. This consideration is of little value if the 
conditions are such that the curvature is concentrated in single yield 
lines. 
The results of the three analytical methods are illustrated 
in Fig. 3.4. At very small crack widths) say below 0.001 in.) the 
assumption of concrete as a linearly elastic material is believed to 
be the most realistic. However, by increasing crack width this. 
assumption results in a fast increase of the maximum stress and at a 
crack width of 0.003 in. the stress can be estimated to be 5000 psi. 
At this stress level local crushing of the concrete may take place and 
it would not be.realistic to extend the curve beyond this point. 
The assumption of concrete as a rigid-plastic material 
cannot necessarily apply at very small crack widths with the stress 
level in the elastic region. However, the curve gives a good idea 
about the conditions at large crack widths if it is assumed that no 
crushing at the very edge would take place. However, it is mostlikely 
that crushing will take place at a rather small crack width as 
indicated by the linearly elastic approach. 
The assumption of a constant rate of transmitting .the force 
to the concrete gives probably the most reliable picture at crack 
w;idths beyond 0.01 in. The cu.rve in Fig. 3.4 demonstrates the effect 
r· 
of the crushing. It is not possible to analyze the crushing of the 
concrete and its effect, but it is ·believed that if the concrete is 
crushed so much that the force transfer can be practically uniform 
· ; 0,., 
through the uncracked section, no more crushing is likely to take 
place. 
The above discussion may give an idea of the mechanism of 
response at the crack. A linearly elastic response 0f concrete should 
be expected at very small cracks. With increasing crack width and 
the resulting increasing concrete stresses the characteristics of the 
response will gradually change from that of an elastic material to 
that of a plastic one. However, the stresses cannot be raised very 
high before a crushing at the edge takes place. This causes an abrupt 
decrease in both the bar reorientation and the concrete stresses. As 
the crack continues to open, the stresses are built up until the next 
crushing of the concrete takes place as illustrated by the broken line 
in Fig. 3.4. The upper and lower limits are the curves based on the 
analysis presented in the previous sections. 
The analysis has brought out two important points. 
(1) If the reinforcing bar is inclined to the crack, some 
reorientation has to take place. The enhancement of moment capacity, 
however, is usually not sufficiently significant to playa role in 
the carrying capacity of a slab. At very large deflections of a slab 
structure the reorientation might contribute a palpable amount to the 
carrying capacity, but at this advanced stage the reorientation effect 
is usually overshadowed by such phenomena as strain hardening of the 
reinforcement and membrane forces. In the example illustrated in 
Fig. 3.4 the reorientation of the reinforcement at yielding is about 
1.0 degree. The corresponding increase in moment capacity is about 
1.7 percent. At a deformation corresponding to five times that at 
37 
yield, the increase in moment capacity should be between 2 and 
5 percent. 
(2) The small or negligible effect of the reorientation of 
the reinforcement can be explained by a simple analysis. Since 
Johansen ( 2) introduced the "staircase" crack pattern to explain the 
negligible effect of the reorientation of the reinforcement, the 
same idea has been adopted in several papers, but the idea has also 
been an object of criticism, not only considered as a minor point but 
as a major weakness in Johansen's yield-line theory. A local crack 
pattern like the one of a Ifstaircase" has never been observed and 
this concept certainly weakens the impression of realism, which is the 
condition for the existence of the yield-line theory. Hence, by 
replacing the II staircase" or "stepwise" crack pattern with an analysis 
like the one demonstrated above, the yield-line theory would have a 
more realistic basis. 
3.7. Tests to Study the Bar Reorientation Phenomenon 
The following sections of this chapter present and discuss 
the test results of the present investigation pertinent to the 
problem of the local reorientation of reinforcing bars. 
The theoretical analyses in the previous sections emphasized 
the need for experiments. The justification for the assumptions in 
the analyses can be given by tests only. However, the tests are 
i· 
arranged so that the test results can give direct information about 
the effect of the bar reorientation independent of theories or 
hypotheses. 
An outline of the tests is given in Section 1.2. In four of 
the test specimens the directions of the reinforcement were chosen so 
that the reinforcing bars were perpendicular to the yield lines. Thus 
the results of these four tests without reorientation of the bars can 
be used as reference for the other tests where a reorientation may 
take place. 
The properties of the test specimens and the test results 
are given in Table 3.1. A detailed description of the test specimens, 
the test rig, and data reduction is given in Appendix A. 
3.S. Test Specimens Subjected to Uniaxial Moment 
The results from the tests under uniaxial bending are 
presented and discussed in this section. The uniaxial-moment test is 
simple to carry out. The test is really a test of a beam. Hence, 
earlier experiences from beam tests contribute to the understanding 
of this test. If the effect of reorientation of the reinforcement is 
a local phenomenon depending on the crack but not on the cause of the 
crack, the uniaxial test should be fully satisfactory for a general 
investigation of the effect of bar reorientation. The results 
described in the following two sections support the assumption of the 
bar reorientation being a local phenomenon. 
The moment-curvature relationships of four test specimens, 
B4, B7, BS and B10, all isotropically reinforced, are shown in 
~ .. 
Fig. 3.5. The yield lines formed perpendicular to the direction of 
the span in all four specimens as shown in Fig. 3.6, such that the 
'reinforcement crossed the yield line at an angle of 90 degrees in 
., 
; 
~ ; I 
... : 
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test B4 and BIO, at 45 degrees in test B7 and at 2205 and 67.5 degrees 
in test BS. The results in Fig. 305 give no indication of an enhance-
ment in moment capacity because of the inclined reinforcement in 
test B7 and BS. It may be noticed that this conclusion is valid all 
the way up to a deformation corresponding to 10 times that at yielding 
at specimen B40 The observed maximum crack width at ultimate moment 
was about 0.03 .in. 
Three test specimens, B9, Bll and B12, with nonisotropic 
reinforcement were also subjected to uniaxial moment. The direction 
of the main layer of reinforcement with respect to the span direction 
was 45 degrees in B9, 22.5 degrees in Bll and 67.5 degrees in B12. It 
will be shown in the next chapters that in the case of nonisotropic 
reinforcement the yield lines do not generally form perpendicular to 
the direction of the span. Therefore, a direct comparison as in the 
previous case is no longer practical. An indirect comparison is made 
in Table 3.1. In computing the values in the tabl~, the effect of a 
bar reorientation, if any, is consistently neglected. Hence, the good 
agree~e~~ between computed and measured values in Table 3.1 indicates 
t~a: :~e effect of the reorientation of the reinforcing bars has no 
3.9. Test Specimens Subjected to Isostatic Moment 
The term lIisostatic moment" is used in this paper to refer 
~. 
to a state of equal moments in all planar directions. This is a 
unique, extreme case which suits well the purpose of examining the 
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reorientation of the reinforcing bars under conditions different from 
external uniaxial moment. 
As it is seen from the outline in Section 1. 2, three 
specimens) Cl, C2 and C3, were subjected to isostatic moment. The 
reinforcement was isotropic and directly comparable to the symmetric 
reinforcement in the specimens under uniaxial bending. 
The measured moment-curvature relationships for specimens Cl, 
C2, and C3 are compared with those for specimens B4 and B7 in Fig. 3.7. 
There is no observed difference in strength between the case 
of isostatic bending and that of uniaxial bending. It can be concluded 
that a bar reorientation, if any, has no significant effect in the 
case of isostatic bending. This result is not surprising. By assuming 
the reorientation to be a local problem, concerning the crack and the 
reinforcing bar and their directions only, no reorientation should be 
expected. Consider a typical crack pattern for isostatic moment as 
shown in Fig. 3.8. The formation of cracks in the test area are 
nearly identical to the reinforcement scheme in the plate. The 
apparent reason for this is that when the concrete is stressed equally 
in all directions, a reinforcing bar will weaken a concrete section in 
the line of the bar. In fact, in Fig. 3.8 the reinforcing bars are 
usually found right in the cracks. Because the reinforcement is 
rectangular, the cracks and the bars also form right angles. Conse-
quently, no reorientation should take place. 
1· 
The unlikeliness of having an enhancement in moment capacity 
because of bar reorientation in the case of isostatic bending can be 
argued more generally as follows. Consider a yield line in an 
f: ',i 
I 
. / 
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arbitrary direction. The moment capacity across the yield line has 
to match the isostatic moment and so must the moment capacity along 
the yield line. If a reorientation should take place across the 
yield line the moment capacity would increase perpendicular to the 
yield line but would decrease parallel to the yield line. Hence, 
.the capability of the plate to carry an isostatic moment is decreased. 
Should such a development take place, the plate would deform in the 
weaker direction until a sufficient "counter reorientation" takes 
place. Thus the original moment capacity is regained, but by no 
means enhanced. 
The eventual collapse of the specimens for isostatic bending 
was characterized by the c.ollapse of one "loading wing. II The re-
inforcement of a circular test is shown in Fig. 3.9. The reinforcement 
in the test area enters four "loading wings" at angles of 60 and 
30 degrees and the two remaining wings at zero degree with respect to 
the axes of the wings. In the three tests, Cl, C2 and C3, one of 
the four wings with inclined reinforcement collapsed first. The 
failure lines were practically perpendicular to the axis of the wing 
but did not cross the extra reinforcement. Although it cannot be 
claimed that the inclined reinforcement weakens the capacity across 
the yield line, it can certainly be concluded that the effect of 
reorientation could not have had any significant effect in this case. 
If it had, failure would have occurred in the wings whose axes were 
parallel to reinforcement axes. 
'" ... ; 
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3.100 Test Specimens Subjected to Torsional Moment 
Torsion tests may be considered to be another extreme 
condition under which the reorientation of the reinforcing bar may 
occur. 
In the present investigation several torsion tests were 
carried out as indicated in Table 3.1 or in Section 1.2. 
The test results of the specimens with isotropic reinforce-
ment are shown in Figc 3.10, while the rest of the torsion tests are 
compared indirectly in Table 3.1, where the effect of bar reorienta-
tion is completely ignored in the computed figures. 
Measured curves of torsional moment vs. principal curvature 
for three specimens, B16, B17 and B18, are shown in Fig. 3.10. All 
the specimens formed yield lines at 45 degrees with respect to the 
direction of the span (Fig. 3011) so that the reinforcement in 
specimen B16 was inclined 45 degrees to the yield lines; in 
specimen B17 the reinforcement was inclined 22.5 and 67.5 degrees to 
the yielc ~i~es, while the reinforcement in specimen B18 crossed the 
yield li~es 2~ 90 degrees. 
:: s~~uld be mentioned that the failure line at collapse 
did not c.::. ... :2:;S ::)llow the direction of the yield lines that were 
dominant c.: a~ earlier stage. 
The result from the uniaxial-moment test) B13, is shown in 
Fig. 3.10 for direct comparison with the results of the torsion tests. 
The greater capacity of specimen B18 can be explained by the higher 
yield stress of the reinforcement (see Table 301). Neither the 
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results in Fig. 3.10 nor those in Table 3.1 indicate any significant 
effect of a reorientation of the reinforcing bars. 
All specimens were inspected during and after testing. The 
cracks were carefully observed. It was never possible to discover a 
systematic local crack pattern which deviated from the general 
direction of the yield line. A special attention was given to the 
local direction of the crack at the reinforcing bar, but no trend 
could be found that could support any hypothesis of a local yield line 
in the shape of a~ n staircase. II 
.A reorientation of the reinforcing bar of more than 
5 degrees can be directly observed, but no such reorientation was 
found in any specimen. 
3.11. Concluding Remarks 
The following remarks will refer to the results of the 
present investigation as well as the results of the investigations 
that were reviewed in the previous chapter. 
If a reinforcing bar crosses a crack in the concrete at an 
inclined angle, a reorientation of the reinforcement has to take place 
according to the conditions for compatibility. The question is 
whether the reorientation has a significant effect upon the carrying 
capacity of a plate element. The matter of significance may be a 
subject for discussion, but will not pe dealt with in this paper. An 
increase in moment capacity below 3 to 5 percent will not be considered 
significant in:.this investigation. 
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The reorientation of the reinforcing bars was estimated by 
analytical methods in this chapter. Other attempts to compute the 
bar orientation by analysis are not known. The reason may be that 
any analysis has to be based on unceltain assumptions and an exact 
answer cannot be expected. However, the analysis can show that the 
effect of reorientation is negligible in a practical case; and it is 
not necessary to demonstrate an unrealistic local crack pattern to 
explain this. Qualitatively, the analysis indicates that the bar 
reorientation increases with larger inclination, a, of the bar to the 
crack; higher concrete strength; smaller bar diameter; and lower yield 
stress in the reinforcement. 
It is conceivable that an element can be proportioned so 
that a normalizing or full "kinking" will take place across the crack. 
But this element will have very little resemblance to an ordinary 
reinforced concrete element. 
In fact, the test specimens in the present test series 
should give a more pronounced effect of the bar reorientation than 
should a practical structure. The unusually small dimension 'of the 
reinforcement in the 4-in. thick slab, the moderate yield stress and 
the high concrete quality in the test specimens are all factors that 
favor a large bar reorientation. Nevertheless, no enhancement of 
moment capacity attributable to bar reorientation was observed. 
The results of the present investigation with respect to bar 
;. 
reorientation are directly supported by the results of tests carried 
out by Houbolt (13), Nielsen (10), Peter (15) and Silverj (14). 
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Opposing evidence is provided by Baus and Tolaccia (11) and 
Kwiecinski (12). In the former test series the results with respect 
to reorientation were not consistent as explained in Chapter 2. The 
latter test series encountered severe bond problems at the edge of 
the specimen. These bond problems were similar to those in the pilot 
tests B5 and B6 (see Table 3.1)) where the bond failure overshadowed 
any effect of bar reorientation. Wood) in a later paper (19)) seems 
to be inclined to ignore the "kinking" effect. 
Experimental and analytical results indicate that the bar 
reorientation has no significant effect on the yield criterion for 
reinforced concrete slabs. 
In the following chapters the effect of reorientation of the 
reinforcing bar will be ignored. The corresponding theoretical in-
accuracies are believed to be far less than those attached to the 
yield-line theory itself, which is based on small deformation theory 
and not on the complex large deformation theory. 
;-. 
· '.{ 
4-. EFFECT OF REllfFORCE..I\1ENT DIRECTION ON STIFThiESS OF PLATE ELEMENTS 
4.1. Introductory Remarks 
The force-deformation relationship of a reinforced concrete 
plate element is considered in this chapter. The object is to derive 
the stiffness of plate elements with the reinforcement in an arbitrary 
direction and subjected to axial forces or moments in order to cover 
the conditions that may appear in slabs, shells, folded plates, and 
walls. 
The effect of the direction of the reinforcement on the 
stiffness of plate elements is rarely taken into account in computa-
tions of reinforced concrete structures. An isotropically reinforced 
slab is usually assumed to possess equal flexural stiffness in all 
directions. It is shown in this chapter that this assumption is 
incorrect. For example, the flexural stiffness can be increased more 
than twofold as the reinforcement rotates from 45 0 to 00 with respect 
to the principal bending moment. 
Before the concrete cracks, an ordinary amount of reinforce-
ment has a very small effect on the stiffness of the element. Beyond 
the yield-point of an elasto-plastic element the condition is unstable 
with reference to the deformations. Hence, the region considered in 
this chapter is the load-deformation curve between cracking and 
yielding. 
Axial loading of an element is considered first in this 
chapter. Expressions are derived for the deformations with respect to 
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load and direction of the reinforcement. Instability is not 
considered. 
In the next sections the derivations for axial loaded 
elements are extended to elements subjected to biaxial moments. 
Tests are briefly described and test results are given for 
plate elements subjected to uniaxial moment) isostatic moment) and 
torsional moment. 
The results from the derivations and the tests are compared 
and discussed. 
The experiments are described in detail in Appendix A and 
the test results are summarized in Table 3.1. 
The scope of this report is primarily related to the yield 
criterion for reinforced concrete plates. The scope is not) however) 
strictly limited to the region beyond yielding for the following 
reasons: 
(1) To arrive at the yield condition) the element has to 
go through the uncracked state and the cracked "proportional" stage. 
The fact that a reinforced concrete structure has sufficient capacity 
at yield does not eliminate the possibility that the structure may 
break down before it reaches the yield point. This is one reason why 
the existing yield-line theory cannot serve as a design method. 
(2) A structure reaches the yield stage in the instant the 
last yield line in the mechanism is formed. The last yield line can 
then be considered to be in the "proportional" range as well as in the 
plastic range. Therefore) the geometric conditions and the stiffness 
under service load in the direction perpendicular to the last yield 
.'~. 
• J 
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line determine the necessary rotations at the other Yield lines. 
Knowing the stiffness is imperative to be able to check the rotation 
at the yield lines. 
4.2. Load-Deformation Relationships for a Reinforced Concrete Element 
Subjected to In-Plane Stresses 
In this section the effect of moments and curvatures are 
assQmed to be negligible. 
Consider an element in tension as shown in Fig. 4.1. The 
cracks are shown in full lines) while the reinforcement is shown with 
broken lines. The stress in the reinforcement in a cross section 
which coincides with a crack is 
where 
a 
sc 
N 
n 
A 
s 
(in the crack) 
a stress in steel in the crack 
sc 
A = area of steel per unit width 
s 
N external force per unit width in the n-direction 
n 
(4.1) 
The steel stress. will not be constant between two cracks because the 
concrete is bonded to the steel and will carry a part of the tension 
force. The general expression for the steel stress is 
1 
a = f(n) = -- [N 
sAn 
s 
(h - A )a t] 
s c 
where act = average concrete stress over the cross section and a 
function of n; and h = height of the specimen. 
(4.2) 
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The unit average elongation over a length, L, is 
where E 
S 
E 
sa 
1 
A E 
s s 
L 
~N - ~ J (h n L o 
modulus of elasticity of steel. 
The integration term in Eq. 4.3 is of significance at small loads close 
to the cracking load. Figure 4.2 shows qualitatively the effect of 
bond on the load-deformation curve. As the load increases the contri-
bution from the concrete becomes less, and may be ignored at loads 
close to the yield point in a moderately reinforced plate element. If 
the reinforcement is so light that the cracking load is of the same 
order as the yield load, the contribution of the concrete will be 
significant also at yielding. 
The average stress in the reinforcing bar, Gsa' can be 
defined as 
a 
sa 
E E 
sa s 
(4.4) 
Consider the conditions in Fig. 4.3. The original position 
of the bars is shown by broken lines while the deformed stage is shown 
by bold lines. 
The relationship between the steel strain, E ,and E , Et sa n 
and Int which are the over-all or average-strains for the element is 
expressed by 
2 (1 + E ) 
sa [ (1 ) . (1 ) . ] 2 + Et SlnCX + + En coso: sl,nl nt 
+ [(1 + E )coso:(cosl t)]2 
n n 
: " ~ 
( 
'. :J 
! 
i 
--' 
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where En' Et and Int are as shown in Fig. 4·3· Neglecting small second 
order terms, the unit elongation perpendicular to the cracks 
E 
n 
2 2 Esa sec a - Et tan a - Int tan a (4.6) 
The relation between the unit force, N , and the stress in the bar 
n 
with reference to the state at the crack is 
and 
N 
n 
aA 
s s 
2 
cos a 
N t = a A s ina cosa 
n s s 
(4.8) 
when N
nt = shear force per unit width in a cross section perpendicular 
to the n-direction. 
Combining Eq. 4.4, 4.6 and 4.7 
E 
n 
a N 
sa n 
a E A 
s s s 
4 2 
sec a - Et tan a - I'nt -taro 
For a layer of reinforcement in the perpendicular direction 
(a + 900 ) with the area of reinforcement per unit width equal to ~ 
s 
as shown in Fig. 4.4 
E 
n 
aT N 
sa n 1 
!-laTE A . 4 
s s s Sln a 
(4.10) 
The symbol !-l is the ratio between the amounts of reinforcement in the 
two directions and is usually connected to the direction with the 
least reinforcement so that !-l ~ 1.0. 
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For both layers combined 
N t = A ( a - ~a t ) s ina coso: 
n s s s 
Let 
where the primes refer to the reinforcement with steel area ~ . 
s 
From 4.9, 4.10 and 4.12 
E 
n 
N KKt - Ett(Kt + K)COS 2o: sin2o: E A 
n t s s 
(K t cos 4o: + sin4O:)E A 
s s 
where E~ = Et + Int(K t cotano: - tana)/(K
t + K) 
and N represent the total external force in the n-direction. 
n 
(4.11) 
(4.12) 
(4.13) 
(4.14) 
In the remaining part of this section following approximations are 
made 
K 1 
1 Kt 
(4.15) 
Equation 4.15 indicates that a load-deformation curve represented by 
a straight line like the line A-C in Fig. 4.2 will be considered. 
From Eq. 4.13, 4.14 and 4.15 
E 
n 
~--
(4.16) 
, "'j 
~-'.~". 
~1 
where 
For isotropic reinforcement 
E 
n 
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(4.14a ) 
2 (4.17) 2 1 + cos 2a 
Equ~ns 4.16 and 4.17 do not refer to any particular direction of the 
cracks. The formation and direction of cracks are discussed in 
Chapter 6. 
Equation 4.17 is illustrated in Fig. 4.5. The direction of 
the reinforcement with respect to the n-axis is defined by the angle a 
as shown in Fig. 4.4. The directions of the strains are shown in 
Fig. 4.3. In Fig. 4.5, the angle a varies as expressed by the abscissa 
while the planar forces are held constant. The ratio between the 
strains E and E ,which is the strain for a = 00 , is plotted as the 
n no 
ordinate. The curves in the figure indicate that strain in one 
direction is highly dependent on the strain in the other direction. 
For a uniaxial state of stress, where Nt = 0 and the transverse 
faulting is restrained (Y
nt ~ 0), the strain Et is small compared with 
E after the stress, N , has caused cracking of the concrete. In this 
n n 
case, the elongation of the element is doubled by letting the re-
inforcement rotate from a = 0 to a= 450 . It is further seen from 
Fig. 4.5 that a negative transverse strain (compression) will increase 
the elongation in the n-direction if~o < a <900 , while a positive 
strain (tension) will decrease the elongation in the n-direction. 
In the case of equal principal strains in-both dire.ttions, En = Et' 
5.3 
the elongation becomes independe!lt of the inclination of the re-
inforcement) a. 
Figures 4.6 and 4.7 illustrate the case for nonisotropic 
reinforcement expressed by Eqo 4.16.. As it should be suspected) the 
orientation of the reinforcement plays an increasingly significant 
role as ~ approaches zero) while the influence of transverse strain 
remains approximately constant. 
It is interesting to compare the information provided in 
Fig. 4.5 and 4.7 in order to study the effectiveness of different re-
inforcing schemes, If the curves for Et = 0 in the two fi~~res are 
o 
compared) it is seen that up to a = 30 ) the Yltransverse11 reinforcement 
in the isotropic slab has little effect on the flexibility. Conse-
quently) in the same range of a) the case for l-l = 0 is practi.cally. as 
efficient as the case for ~ = 1.0. This implies the wherever additional 
reinforcement is needed in isotropically reinforced plates) such re-
reinforcement can be added in only one direction provided a ~ 300 ) 
where a refers to the final crack pattern for the element with the 
additio~a~ rei~forcement. 
~~e relationship between a and cr r can be derived from Eq. 4.6 
s s 
assumir.g 5:e~: :0 be linearly elastic 
Combining Eq. 
N 
n 
A a 
s s 
c T 
s 
a 
s 
4.11 
E 
n 
E 
n 
and 
. 2 Sln a + Et 
2 
cos a 
2 . 2 
cos a + Et Sln a 
4.18 
- I sina cosa nt (4.18) 
+ Int sina cosa 
::: \ 
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~ - ~ . 2 2 - )' sina cosO 1 E Sln a + E.J- cos a Nnt = A a n L- nt (4.20 ) s s 2 . 2 
+ )' .J- sina E cos a + Et Sln a cosa n nL.. 
Equation 4.20 shows that N
nt o in a few special cases only, except 
o 0 for a = 0 and 90 . 
4.3. Moment-Curvature Relationships Unqer Uniaxial Moment 
A general solution for combinations of moments can be derived 
with reference to the case for uniaxial moment. Hence, a reinforced 
concrete plate under uniaxial moment will be considered first. 
Figure 4.8 shows a section perpendicular to the cracks. For 
the case where the reinforcing bars are parallel and perpendicular to 
the cracks, this element can be considered to be a beam elementc In 
the analysis of a reinforced concrete beam the following approximations 
are usually made, and will also be made in this report. 
(1) Contribution from the tensile stresses perpendicular to 
the cracks in a cracked concrete section is ignored. 
(2) Reduction of strain in the reinforcement because of 
bond in the concrete sections between the cracks is also ignored. 
Although neither approximation is very good at the cracking 
load, the approximations are usually reasonably good closer to the 
yield point. 
With the above approximations and the assumption that the 
strain distribution over the depth of the section is linear, the strain 
and stress can be represented as in Fig. 4.9. The n-axis is chosen 
perpendicular to the cracks in the following expressions: The curvature 
in the n-direction 
<;P 
n 
The curvature in the t-direction 
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E Ic cn n 
From equilibriQ~ in the n-direction 
4 2 
-:--1 
L N ni + )' F ni o (No external axial forces) '---J 
i=l i=l 
For e~uilibrium in the t-direction 
4 2 
L Nti + L Fti o (No external axial forces) 
i=l i=l 
Moment in the n-direction 
4 2 
M L d.N + ~ a.F n l ni L l ni 
i=l i=l 
Moment in the t-direction 
4 2 
Mt L diNti + )' biFti r· L.J 
i=l i=l 
4 2 
Mnt = L d.N t. + L f...iFnti l n l 
i=l i=l 
(4.21) 
(4.22) 
(4.23) 
(4.24) 
(4.25) 
J 
Ul 
(4.26) 
(4.27) 
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4 2 
Mtn L d.N t. + l n l L I\..Ft . l nl (4.28) 
i=l i=l 
1 
hand d. are given, c ) c~) a l.) b. 1\.. and 1\.. have to be determined. l n l.J l l l 
The relationsh~s between the forces in the reinforcement, N ) 
n 
Nt' N
nt , and the strains are given in the previous section 4.2. The 
integrated stresses in the concrete, F
ni , Fti ) and Ftni have to be 
determined. 
An exact computation of the stresses in the concrete is 
practically impossible. The model shown in Fig. 4.10 is used to esti-
mate the strain and stresses in the concrete. 
In a region of constant moment and reinforcement no resultant 
forces are transferred from the steel to the concrete. 
The derivations for the resisting moment and the flexural 
stiffness are made with respect to the unit slice shown in Fig. 4.10. 
This slice represents a portion of a reinforced concrete specimen 
bounded by two flexural cracks. The reinforcement runs in both direc"-
tions and top and bottom. The figure is drawn for the case where there 
is a compressive force on the top. 
The derivations are continued with the following additional 
premises: 
(1) No stress is transmitted across a crack except by 
reinforcement. 
(2) A strip of concrete bounded by cracks (Fig. 4.10) 
resists stresses only along its axis. 
(3) Compressed concrete is in a state of plane stress. 
57 
(4) The bending and shearing stiffnesses of the reinforcing 
bars are not significant. 
It should also be noted that, with the reinforcement totally 
yielded, the direction of one of the principal curvatures is perpen-
dicular to a yield line in isotropicallyreinforced plates. Conse-
Quently, faulting along the yield line is zero, and 
0) (4.29) 
For nonisotropically reinforced plates, the directions of 
the yield line, principle curvature, and principal moment may not 
coincide. 
Consistent with the general assumptions above, the following 
simplifications can be introduced in the e~uations for e~uilibrium and 
moments given by E~. 4.23 through 4.28 and Fig. 4.10 
Ft· n l Ftni (4·30) 
or specifically 
Fnt2 Ftn2 (4.31) 
Fntl 0 (4·32) 
and Eq. 4.27 and 4.28 become 
4 
M = M I diNnti r, nt tn + A,2Fnt2 
i=l 
..... j [J 
.. : 
. , 
I 
I 
The stress in concrete is determined by the stress-strain 
relationship of the concrete, the equilibrium conditions and the curva-
ture of the section. 
The formulae for moments and curvatures can be stated in a 
more convenient form by considering layer 1 and 2 in Fig. 4.10 as a 
reinforcing net in one level. The same assumption is made for layers 3 
and 4. 
The distance from the top face to the resultant force of the 
reinforcing bars at the bottom in Fig. 4.10 is determined as follows. 
The reinforcing bars with area A per unit width in layer 1 are inclined 
s 
by an angle a to the n-axis, and the reinforcing bars in layer 2 are 
perpendicular to those in layer 1 and have a steel area ~s per unit 
width. 
The distance from the top face to the resultant force of the 
reinforcing bars in the n-direction d
nb is found as follows: 
N 
n 
From Eq. 4.16 arid Fig. 4.9 
The moment of layer 1 and 2 with respect to the top face 
(4.34) 
Nndnb = EsAs[En(dl cos
4
a + d2~ sin4a) + E~(dl + d2~)cos2a sin2aJ 
(4.35) 
For all practical purposes the ratio K can be set equally to unity in 
Eq. 4.35, hence 
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(_ 4 
. 4 ) E~(dl + d2~)cos2a 0 E \ci COS a + d2~ Sln a + sinca 
d n 1 
nb 4 
. 4 \ . ( 2 . 2 E (cos a + ~ Sln a) + E~ \1 + ~)cos a Sln a n LJ (4.36) 
In the t-direction: By interchanging En and Et' cosa and 
sino: 
where dtb is the distance from the top face to the resultant force in 
the t-direction. 
and EI 
n 
From Eq. 4.6 and 4.8 
d 
ntb 
En (dl coS
2
a-d21J. sin
2
a) + Et (dlsin2a~d2~ cos 2a) + ')' nt (dl+l-ld2 )sinacosa 
E (cos 2a - ~ 'sin2a) + Et (sin2a - ~ cos 2a) + I t(l + I-l)sina cos a n n -
(4.38) 
It may be observed that all three quantities, d
nb , dtb and 
d
ntb are all a magnitude between dl and d2 . An est ima te of the three 
quantities by inspection would usually result in an error of less than 
5 percent in the moment capacity. The maximQm possible error is in 
most cases not more than 10 to 15 percent. 
The distances from the top face to the resultant forces in 
layers 3 and 4 in Fig. 4.9 can be found in )the same way. Equations 4.36, 
4.37 and 4.38 give the distances from the top surface to the resultant 
forces in the n-, t-, and nt-direction, d ,dt , and d t', respectively nu u n u 
I 
·1 
~> J 
.. .3 
, .f 
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1 0 0 d 0 and 0: 0 . by rep acing En' Et' dl , d2 , ~ and 0: with En' Et' 3' d4, ~ 
The superscript 0 refers to the conditions at the top face. 
Consider a slab element subjected to uniaxial moment. The 
element has isotropic reinforcement in the tension zone and no rein-
forcement in the compression zone. The n-direction is perpendicular 
to cracks and parallel to the span. There is no cracking in a trans-
verse cross section of the element. Therefore Et is small relative to 
E and can be ignored. The concrete is considered linearly elastic in 
n 
the compression zone. From the equilibrium condition, Eq. 4.23, the 
height of the compression zone, c
n
' can be found to be 
where 
c 
n 
r '= A E T s s 
4 . 4 
cos 0: + Sln 0: 
dbE n c 
From Eq. 4.36 and 4.40. 
From Eq. 4.25 
E ( 4 . . 4 ')2 s cos 0: + Sln 0: 
r l = As E d 4 d . 4 
c 1 cos a: + 2 Sln 0: 
M 
n 
1 
= N (d b - -3 c ) n n n 
The curvature, <1>. , in the n-direction-
n 
¢ 
n 
E 
n 
(4.39) 
(4.40) 
(4.41) 
(4.42) 
(4.43) 
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The ratio ¢ /M exprEsses the flexibility of the element in 
n n 
the n-direct.ion while the inverse ratio M /cp is usually denoted the 
n n 
flexuyal stiffness. The flexibility is significantly influenced by 
the orientation of the reinforcement. 
Figure 4.11 shows how the flexibility is related to the 
amount and direction of the reinforcement in an isotropically re-
inforced concrete element. In the example, dl and d2 are assumed to 
be equal, that is, the reinforcement is con2idered to be in one plane. 
The flexibility is expressed by the ord.inate and the deviation cf the 
reinforcement from the direction of the span, Ci, is marked along the 
abscissa, The increase in flExibility by having the reinforcement 
rotated from zero to 45 degrees to the span direction is 80 percent 
A is the cross-
s 
sectional aYea of reinforcement in one direction. Thus.~ As/dl is the 
reinforcement ratio in that direction. The relative influence of the 
direction of the reinforcement on the flexibility is greater for a 
lightly reinforced slab tban for an elem~mt with heavier reinforcement. 
As the amount of reinforcement goes down, the increase in flexibility 
approaches 100 percent by having the reinforceJIent rotated from zeTO 
to 45° with respect to the span direction. 
The stresses and strains are also affected by the direction 
of the reinforcement as illustrated in Fig. 4.120 The ordinate 
indicates what may be considered the inverse of the IY section modulus Ii 
/-
of the element" Thus, for the uncracked section, the section modulus 
is h2/6oo = d~/4.3 if dl/h = 0.85. Figure 4012 shows that the direction 
of the isotropic reinforcement has a significant effect on the II section 
modulus. 1I 
!~. ) 
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Since concrete is considered linearly elastic in this example, 
Fig. 4.12 represents the maximum concrete strain if the ordinate scale 
is divided by the moduluso"f':elasti,cityof concTete, E . 
c 
In order to secure satisfactory ductility, most building codes 
have limitations on the amount of reinforcement so that the concrete 
shall not crush before the reinforcement yields. This consideration 
is, however, transferred from the beam theory where different 
directions of reinforcement are not encountered and an increase in 
maximum stress in concrete like that shown in Fig. 4.12 is not 
considered. 
The stresses in the reinforcement can be obtained by Eqo 4.19 
and 4.42 which in the above example reduces to 
1 (4.44) = 
where c is given by Eq. 4.39. The stress, a , refers to the 
n s 
reinforcing bars at an angle a from the n-direction. Equation 4.44 
is illustrated in Fig. 4.13. The maximum stress in the reinforcement 
occurs when the reinforcement is inclined about 300 to the n-direction, 
while the lI effective stress,11 that is the stress component in the 
n-direction, is fairly constant for 00 < 0: < 300 but decreases rapidly 
for an increasing angle, 0:, in excess of 30°0 
4.4. Moment-Curvature,: Relationships Under Biaxial Moments 
In the case of reinforced concrete element under biaxial 
bending the transverse strain can no 10ngeI.' be considered to be 
negligible compared with the strain in the longitudinal direction. 
Poisson1s ratio has negligible effect in the cracked zone of 
the element, and is of little significance in the compression zone 
with regard to the moment-curvature relationship. The Poisson1s ratio 
will be assumed to be zero in this section 
(a) Isotropically Reinforced Plate 
Consider first the case of an isotropically reinforced 
element. The n-t directions are assumed to coincide with the direction 
of the principal curvatures, ~n and ~t· The directions of the 
reinforcement is denoted x and y and the x-y coordinate system is 
rotated counterclockwise an angle a with respect to the n-t coordinate 
system. The strains in the bars in the x- and y-directions are 
o 0 denoted Esx' E for the bottom and E ,E for the top reinforcement 
sy sx sy 
(Fig. 4.9). The strains in the n-t directions at the level of the 
o 0 
reinforcement are correspondingly denoted En and Et , and En and Et . 
From E~. 4.6 ('nt = 0) 
2 2 E E cos a + Et sin a sx n 
2 2 E E sin a + Et cos a sy n 
0 0 2 0 0 
sin2a o 
(4.45) 
E E cos a + Et sx n 
0 0 .20 0 cos2a o E E Sln a + Et sy n 
The strains E and EO are found by considering the moment 
n n 
1· 
acting on a section perpendicular to the n-direction. Similarly, Et 
and E~ are obtained from the strains on a section perpendicular to 
the t-direction. 
,: j 
. -: 
!;_ :i 
'~J 
.I 
J 
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Two extreme cases of biaxial moments are of special interest, 
isostatic moment and torsion. 
(1) Isostatic moment, expressed by 
Equation 4.46 implies that 
E 
n 
such that Eq. 4.45 becomes 
2 E E (cos a + 
sx n 
2 E Et(COS a + sy 
.2) Sln a 
.2) Sln a = 
0 o( 2 0 . 2 0) E E cos a + Sln a sx n 
0 o ( 2 0 . 2 0) E = E cos a + Sln a 
:sy y 
(4.46) 
E Et n 
Et E n 
(4.48) 
0 0 E Et n 
0 0 E = _Et n 
Eq~c~ions 4.48 indicate that the plate has the same moment-curvature 
ch2:"c2-:eristics as an element with reinforcement parallel to the span 
a:-:.:5. s'..:.::jected to a uniaxial moment. 
(2) ?..:re torsion, expressed by 
(4.49) 
In the case of isotropic reinforcement equal at top and bottom of the 
element, Eq. 4.49 implies 
E 
n (4.50) 
Such that Eq. 4.45 becomes 
2 2 E E cos ex + Et sin ex sx n 
. 2 2 E E Sln ex + Et cos ex sy n 
(4.51) 
0 2 0 2 0 E Et cos ex + E sin ex sx n 
0 .20 2 0 
Esy Et Sln ex + E cos ex n 
Assuming the case with the reinforcing bars parallel in top and bottom 
(a = exo), Eq. 4.51 gives. 
and further from Eq. 4.51 
0 ( . 2 E + E E Sln ex + 
sx sx n 
o 
E E 
SX sy 
E sy 
o 
E 
SX 
2 2 
cos ex) + Et (cos ex + 
.2) Sln ex 
0 (2 .2) (.2 2) E + E En cos ex + Sln ex + Et Sln ex + cos ex sy sy 
From Eqs. 4.52 and 4.53 
o 0 
E + E E + E SX sy SX sy 
E + Et n 
= E + Et n 
By using Eq. 4.54, the equilibrium conditions are considerably 
simplified. Force in the bottom reinforcement in the n-direction 
N = A E (E 
n s s sx 
2 
cos ex + E 
sy 
.2) Sln ex 
(4.52) 
(4.53) 
(4.54) 
: ... ~ 
.j 
" 
:.) 
can be derived from Eq. 4.59 
A E <P 
s s n 1 
M 
n 
(4.63) 
Equation 4.63 is illustrated in Fig. 4.14 with the flexibility plotted 
along the ordinate axis and the angle between the reinforcement and 
the n-direction plotted along the abscissa axis. 
Figure 4.14 shows that it is possible to double or even 
triple the curvature of a reinforced concrete slab by having the 
o 
reinforcement rotated through 45 . 
The compressive strains and stresses in concrete are very 
sensitive to the orientation of the reinforcement. Figure 4.15 shows 
the maximum compressive stress along the ordinate axis and the 
orientation of the reinforcement, a, along the abscissa axis. The 
conditions at a = 00 represent the .conventional concept of the slab 
behavior. It can be readily concluded that the code limitations do by 
no means leave out the possibility of a heavily overreinforced concrete 
slab. 
(b) Nonisotropically Reinforced Plate 
Consider the case with a nonis?tropically reinforced concrete 
plate element. The yield lines no longer generally coincide with the 
principal external moment and the principal curvatures generally 
coincide with neither the yield lines nor the principal moments. 
In accordance with the above statement, the II s hear strain" or 
the "faulting, II )' nt' cannot be considered equal to zero for the 
n-direction perpendicular to the direction of the yield line. 
.... 
", -1 
I 
~ i 
! 
; ...• : 
.. I 
( 
-1 
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Force in the top reinforcement in the n-direction 
From Eq. 4.54) 4.55 and 4·56 
N + NO = A E (E + Et ) n n s s n . 
Assuming concrete to be linearly elastic 
N + NO - 0.5 c a 
n n n c 
o 
N d NOd b + n n n nu - (N + NO) c 13 = M n n n n 
The curvature is 
cp 
n 
a 
c 
E c 
c n 
E 
n 
(4.58) 
(4.60) 
The symbol a refers here to the concrete stress at the surface at the 
. c 
compression side. 
c ~4r~ n + 2r2 - 2r (4.61) h - 2 
where 
AE 
s s (4.62) r 2 ·Eh 
c 
The moment-curvature relationship expressed by the flexibility cP 1M 
n n 
Because the moment is equal in all directions, the failure line appears 
parallel to the main reinforcement. The solution is trivial. The 
moment-curvature relationship in one direction does not interfere 
significantly with that in the perpendicular direction (Poisson!s 
ration ~ 0). 
(2) Pure torsion, expressed by 
-M 2 (4.49) 
where Ml and M2 are the principal moments. The area per unit width of 
the reinforcing bars placed in the x-direction is A and AO and in the 
s s 
y-direction ~s and ~oA~. The superscript (0) indicates that the 
position of the reinforcement is at the top surface. With regard to 
moment-curvature relationship, the extreme orientations of the 
reinforcement are (a) parallel to the principal moments and (b) at 45 0 
to the principal moments. 
The case where the reinforcement is parallel to the principal 
moments is trivial and the flexibility in either direction is the same 
as for an element with the reinforcement parallel to the span, subjected 
to uniaxial bending. 
Consider the case with the reinforcement at 45 0 to the 
o 0 principal moment, and A = A ,~ =~. Because of the symmetry of the 
s s 
reinforcement and the external moments with respect to a line parallel 
to the reinforcing bars, the principal curvatures have to be parallel 
to the principal moments. The line of the-least resistance, which is 
<-
assumed to be the direction of the yield line, doe·s not coincide with 
the principal curvature if the ratio of the reinforcement in the two 
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From Eq. 4.6 and 4.45) assuming the same directions of the reinforcement 
in top and bottom of the element 
2 2 s ina: cosa: E E cos ex + Et sin a + Int sx n 
. 2 2 
sina cosa E E Sln a + Et cos a: - I sy n nt 
.. 0 0 2 0 . 2 0 
(4.64) 
E E cos a + Et Sln a + Int sina: cosa sx n 
0 0 2 to 2 1 0 sina: cosa E E sin a + Et cos a -sy n nt 
Equation 4.64 expresses that in order to determine E and E 
sx sy 
(or EO. and EO ) it is necessary to know the strains in three directions 
sx sy 
or the strains in two directions and the direction of a principal strain. 
The simplest way to find the strains is to let the direction of the 
n-axis be perpendicular to the cracks and consider a section through 
a crack. Knowing the moment M , the strain, E , can be found by the 
n n 
equilibrium conditions and strain-stress relationships for concrete 
and steel. The computation of the strain, Et , maY.be found similarly. 
The shear strain '/nt may be more difficult to determine) but if the 
directions at the principal curvatures can be determined, an indirect 
computation of Int becomes simple. Then all the strains in Eg. 4.64 
can be derived provided the directions of the yield lines are known. 
The directions of the principal curvature depend on geometric conditions, 
and the orientation of the yield lines will be derived in Chapter 6. 
The two extreme cases of biaxial moments are again considered, 
this time with nonisotropically reinforced concrete plate elements. 
(1) Isostatic moment, expressed by 
M = M 
n t (4.46) 
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where a is the average compressive stress in concrete. 
ca 
From Eq. 4.69 
E 1 sin2/ sx -
---
f-LEsy 1 + sin2/ 
Substituting Eq. 4.65 into 4·70) 
E = ~; E 
sx sy 
(4·70) 
From equilibrium and assuming concrete in compression to be linearly 
elastic 
where 
r3 = A E s s 
2 ,- 2 f-L sin (45-/) + ~f-L cos (45-/) 
E h 
c 
Equation 4.73 can be simplified by introducing Eq. 4.65 
'2A E f-L 
s s 
E h(l + ~-:;) 
c 
The flexibility of the element is 
cp 
n 12 
=-= -------
Mn E c 2(3h - 2c ) 
c n n 
(4·72) 
(4.74) 
In Fig. 4.17 the flexibility is shown as a function of f-L. 
Consistently with the previous curves the ratio) E IE ) is chosen to be 
s c 
f1!.; U 
I 
I 
n L: 
I 
I 
r-. 
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L 
I 
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perpendicular directions, ~, is different from unity. The direction 
of a yield line at the first yield is derived in Chapter 5, Eq. 5.75. 
For a lightly reinforced concrete, Eq. 5.74 gives a good approximation 
1 - ~fJ. 
-sin2)' ~ 
1 +.ffJ. 
where )' is the angle between the direction of the perpendicular 
(4.65) 
to the considered principal moment and the direction of the respective 
yield line. 
·After setting 01 = (450 - )') for the perpendicular to the 
first yield line (see Fig. 4.16), Eq. 4.64 becomes 
and 02 = (1350 + )') for the direction perpendicular to the second 
yield line 
2E 
sx 
2E 
sy 
Considering symmetry and antisymmetry 
E 
sx 
o 
E 
sx 
E 
sy 
o 
E 
sy 
From equilibrium in the x- and y-direction 
2A. E E 
S S sx 
fJ.2A E E 
s S sy 
a c (1 
ca n 
sin2)') 
a c ( 1 + s in2)' ) 
ca n 
(4.66) 
(4.68) 
(4.69) 
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reinforcement has nearly the same effect as long as the ratio ~ ~ 0.5, 
provided the reinforcement is repeated in top and bottom of the slab. 
Once the directions of the principal curvatures and the D· :.:. " :: 
yield lines are determined, the moment-curvature relationship for a 
nonisotropically reinforced concrete element subjected to an arbitrary I 
combination of moments is not more difficult to estimate than that 
for an isotropically reinforced concrete element. The main problem 
for nonisotropically reinforced elements is to determine the directions t.l 
of the yield lines. This ~uestion is considered in Chapter 6. 
I 
(c) Nonproportional Loading 
It should be emphasized that all previous considerations in I 
this chapter refer to proportional loading. It is well known from I the theory of inelasticity that the load-deformation relationship 
depends on the path or the history of the loading. The properties I 
of a reinforced, concrete section may be even more removed.from the 
conditions for a linear elastic medium. I 
The difference between a proportional and a nonproportional 
loading of a reinforced concrete element is shown ~ualitatively for a 
specific case in Fig. 4.18. The element is isotropically reinforced 
with the directions of the bars inclined at 45 0 to the directions of 
the principal moments, Ml and M2 . 
~. :', 
LJ' .:: r '.'. '; 
The'case with proportional loading where Ml = M2 also with 
respect to time, is the regular case which is dealt with earlier in 
this section. The corresponding moment-curvature relationship is 
shown by broken lines. 
f 
L 
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8.0 so that·E~. 4.75 can be rewritten as 
CPu 96 
Ml -E c 2(3h - 2c ) 
s n n 
(4·76) 
The curve in Fig. 4.17 represents a case where the total amount of 
reinforcement is kept constant) but the ratio of the reinforcing bars 
in one direction to those in the perpendicular direction is e~ual to ~. 
Hence the amount of reinforcement in the main direction) Ask) has to 
be 
4A 
s 
where A represents the isotropic case. Ordinarily the ratio ~ is 
s 
chosen so that 0 ~ ~ ~ 1. Equation 4.76 plotted in Fig. 4.17 indicates 
that the flexibility increases as ~ decreases) that is) the moment-
curvature relationship is affected as if some reinforcement were 
removed in the isotropically reinforced element. The equivalent amount 
of isotropic reinforcement) A ) with respect to the moment-curvature 
se~ 
relationship can be found by Eq. 4.78 
A 
seq 
A 
s (1 + ~) (1 + ~) (4·78) 
It can be observed from E~. 4.78 and Fig. 4.17 that the flexibility is 
little influenced by the nonisotropically distribution of the reinforce-
ment as long as ~ ~ 0.5. It will also be shown later on that the 
moment capacity of the element is practically constant in this range of 
the ratio~. Hence) it can be concluded that any distribution of the 
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The test setup provided a test area with constant moments 
and no external vertical shear. The external moment conditions were 
(1) uniaxial moment 
(2) isostatic moment 
(3) pure torsion. 
The test setup, the test, procedure and measurement technique 
are described briefly in this section because a detailed description is 
given in Appendix A. Table 3.1 gives a survey of the test specimens, 
their properties and the loading conditions. 
All the test specimens were moderately reinforced with 
"flat-tapti steel. During the loading the test specimens usually 
passed through the following characteristic points: 
(1) cracking of the concrete in tension 
(2) yielding of the reinforcement in tension (sometimes 
in stages) 
(3) ultimate moment capacity 
(4) failure characterized by a crushing of the concrete 
(a) Cracking of the Concrete 
During the loading, the cracking of the concrete was usually 
first registered by the strain gages that were cemented on the tension 
surface of the specimen. Thereafter, the strain rate in the tension 
steel showed a significant increase. The deflection measurements did 
not show a significant rate of increase before more load was applied. 
At this moment the first hair cracks could be traced by a magnifying 
glass. Figure 4.22 shows how the observed first cracking is related 
to moment and the compressive cylinder strength, f~, while Fig. 4.23 
I 
I 
-I 
.n 
Ll 
I 
I 
I 
I 
I 
I 
r f : 
L... 
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In the case with nonproportional loading the moment) Ml ) 
may be applied first. The moment-curvature curve is shown by bold 
lines) and the positions ~fter the full Ml is applied are marked by A. 
Then) the perpendicular moment) M2 ) is applied. At the time M2 is 
applied) Ml has already prestressed the element in the direction of 
M2 ) and M2 may not be able to crack the concrete. The curvatures 
caused by the moment) M2 ) are shown by the arrows going from A to B 
in Fig. 4.18. 
The fact that the moment-curvature relationship of a 
reinforced concrete slab general~ depends on the load path or the 
load history) rules out the possibility of superimposing the effect 
of one load combination onto the effect of another. At certain combina-
tions of load history and orientation of the reinforcement) the stiff-
ness of the slab may be increased several hundred percent for an 
additional loading of the slab. 
4.5. Experimental Results 
The results and observations of the experimental work which 
are related to the behavior of reinforced concrete plate elements 
below the yield load are described in this section. 
The dimensions of the two types of test specimens which were 
used for the experiments are shown in Fig. 4.19 and 4.20. The 
directions and the amount of reinforcement were varied as shown in 
Fig. 4.21. The strength of the concrete was intentionally varied in 
some series. 
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The spacing of the cracks varied between 1.0 in. and 3.0 in. 
The reinforcement affected the spacing of the initial cracks to some 
degree. In the case with reinforcing bars parallel to the crack 
direction) the spacing of the cracks had a tendency to be close to 
that of the reinforcing bars. 
(b) Moment-Curvature Relationships 
The obtained moment-curvature relationship is shown 
qualitatively in Fig. 4.24. The nearly horizontal portion B-B' was 
observed only in a few cases. The loading was carried out by 
incremental loads between points A and P, and by incremental deflections 
from point P to failure. This loading procedure excludes the observa-
tion of some points on the "realll curve from A to P, such as point B". 
A point such as B' mayor may not be observed. 
It was observed) however, that the distance B-B! was always 
small comparei with B-D. That is, the tensile stresses in the concrete 
may increase ~he over-all flexural stiffness even after cracking. The 
effect 0: :~e :e~sile stresses in concrete decreased as the element 
approac::'e=- ::-.-:: :;:"eld point. Naturally) these observations are con-
sistent -.. ;:::-. ',.;;-.3.: lS ordinarily observed in beam tests. 
,~ ::::s section the term lIstiffness" is used for the slope 
of the line ;... -?) or the ratio M (¢ in Fig. 4.24. p p 
of the stiffness is termed the "flexibility.1I 
The inverse value 
The present investigation showed that the stiffness of the 
element was dependent on both the amount of steel and the directions 
of the reinforcing bars with respect to the principal moments 0 In the 
following presentation of the stiffnesses or flexibilities measured in 
I 
I 
n u 
I 
II 
I 
·1-
I 
1'1 ,>I 
shows how the first cracking is related to moment and tensile split 
cylinder strength, ft. 
It cannot be expected that the types of the measurements 
mentioned above are able to indicate when the first local cracks occur 
on the surface. Whether the first cracks are registered by strain 
gages depends entirely on the position of the gage relative to the 
cracks. The results in Fig. 4.22 and 4.23 show that the measured 
moment-curvature relationship does not provide a good indication of the 
first local crack. 
Figures 4.22 and 4.23 indicate that the tensile strength of 
concrete measured by split cylinder test (6 by 6-in.) is more closely 
related to the cracking phenomenon than the compressive strength of 
concrete. 
Assuming the concrete to be linearly elastic, the moment at 
cracking can be easily computed on basis of the tensile strength of 
the concrete. As suspected, the computed moment is_considerably below 
the cracking moment obtained from the measured moment-curvature 
relationship. On the other hand, the occurrence of the first local 
hairline cracks may be predicted fairly well on the basis of the 
tensile strength from split cylinder tests. 
In the following, the term ITcracking moment" refers to the 
moment at cracking as it is reflected by the moment-curvature 
relationship. 
The initial cracking was perpendicular to the maximum 
principal moment in all specimens. 
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in specimens B6 and B8 was 22.5 0 (or 67.50 ). Another difference 
between these specimens was that specimens B5 and B6 had no special 
arrangement for securing the anchorage in the bars that were cut at the 
edges of the specimen, while the reinforcing bars in specimens B7 and 
B8 had double hooks at the ends. The moment-curvature relationships 
for the specimens, B5, B6, B7 and B8, are shown in Fig. 4.27 and 
compared with the specimens B4 and B10. The results show that the 
anchorage of the ends has little effect on the stiffness below the 
yield point, but is vital in obtaining the ductility of the slab. 
The results in Fig. 4.27 indicate the flexibility of a slab 
o 
with the reinforcement at an angle of 22.5 with respect to the 
direction of the applied moment was about 30 percent greater than with 
the reinforcement parallel to the applied moment. The corresponding 
increase in flexibility of an element with the reinforcement at 45 0 to 
the direction of the applied moment was about 70 percent. 
A state of pure torsion was obtained by twisting the specimen 
shown in Fig. 4.19 so that the direction of the external principal 
o 
moments were at an angle of 45 to the edges of the specimen. Because 
the principal moments were of opposite signs, it was necessary to 
reinforce the torsion specimens both at the top and the bottom. 
In order to be able to compare with the uniaxial state of 
moment, specimen B13 was isotropically ·reinforced in the top and the 
bottom as was the specimen B10 on one sidei~ The resulting moment-
curvature relationship is shown in Fig. 4.28, and compared with the 
data from tests B4 and B10. As expected there was no significant 
difference in the stiffnesses of test specimens B13 and B10. 
..j 
.J 
tests, two isotropically reinforced specimens subjected to uniaxial 
moment are chosen as reference. The moment-curvature relationships 
of these two specimens B4 and B10 are shown in Fig. 4.25. In specimen 
B4 the deeper layer of reinforcement is parallel to the applied 
moment, while the shallower layer of reinforcement is parallel to the 
applied moment in specimen B10. The amount of reinforcement in the 
second shallower layer is 9 percent higher than in the first layer in 
order to compensate approximately for the loss in effective depth. It 
is seen in Fig. 4.25 that the increase of reinforcement made the 
strengths e~ual, but did not ~uite e~ualize the stiffnesses in the two 
directions. 
Figure 4.26 shows the moment-curvature relationships for 
three specimens, Cl, C2 and C3, subjected to isostatic moment and with 
the same isotropic reinfurcement as in B4 and B10, but with the concrete 
strengths fT equal to 6610, 4580 and 2700 psi. 
c 
The results indicate 
that the large variation of concrete strength was -reflected by the 
cractiQg moment, but not by the stiffness and the strength of the 
eleme~~. The stiffnesses in the two directions of the reinforcing 
bars ~ere little different and the results in Fig. 4.26 represent the 
8"/erages of the curvatures in two directions. The stiffnesses of 
spec~ens Cl, C2 and C3 are practically the same as those of 
specimens B4 and B10. 
In the next series the direction of the isotropic reinforce-
ment was varied with respect to the applied uniaxial moment. In 
specimens B5 and B7.the angle between the reinforci~g bars and the 
direction of the applied moment was 45 0 , while the corresponding angle 
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As the direction of the reinforcing bars was changed from 00 
to 22.5 (and 67.5 0 ), and 45 0 with respect to a principal moment, the 
flexibility increased correspondingly at a ratio of approximately 
1.0:1·5:2·5· 
Two specimens, B19 and B20, were isotropically reinforced 
with half the amount of steel used in the previous specimens (approxi-
mately 0.5 percent in each layer). Specimen B19 had the reinforcement 
parallel to the principal moments, while specimen B20 had the reinforce-
o 
ment inclined at 45 to the principal moments. The moment-curvature 
relationships are shown in Fig. 4.30. The yield point is not very 
distinct for either of the specimens. The flexibility may be estimated 
to be between 2.0 and 2.5 greater for the specimen B20 with the re~ 
inforcement inclined 45 0 to the principal moment than for the specimen 
B19 with the reinforcement parallel to the principal moment. 
Test B20 was one of the few tests that exhibited a distinct 
horizontal plateau in the moment-curvature curve at cracking. 
Five specimens had nonisotropic reinforcement. Three of the 
specimens, B9, Bll and B12, were subjected to uniaxial moment and two 
specimens, B21 and B22, were subjected to pure torsion. 
The specimens B9, Bll and B12 had the reinforcement inclined 
to the direction of the external uniaxial moment. The case with the 
nonisotropic reinforcement parallel to the direction of the moment was 
not expected to give any additional information and was not tested. 
The moment-curvature relationships of specimens B9, Bll and 
B12 are shown in Fig. 4.31. The reinforcement in one direction was 
twice the reinforcement in the other direction'. The former is called 
~ " .. 
L~ 
/--: 
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i 
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Five torsion tests were carried out with the same isotropic 
reinforcement as used in specimen B13. In specimens B15 and Bl8 the 
reinforcing bars were parallel or perpendicular to the external 
principal moments. In specimens B14 and B16 the reinforcing bars were 
inclined 450 to the principal moments, while in specimen B17 the re-
inforcing bars were inclined 22.5 0 or 67.50 to the principal moments. 
The difference between specimens B15 and B18, and also between 
specimens B14 and B16, was that the former had no extra shear reinforce-
ment along the edges while the latter had extra reinforcement along the 
edges with the flexural reinforcement remaining 1h'1changed. As long as 
the edges did not fail in shear, the behavior of the element did not 
seem to be influenced by the extra shear reinforcement at the edge. 
Hence, the extra edge reinforcement had no significant effect on the 
stiffness in the range of a !lservice ll load but was necessary to secure 
the ductility of the slab element. 
The results from five specimens, B14, B15, B16, Bl7 and B18, 
are compared in Fig. 4.29 with those from the reference specimens B4 
and B13. The results show that for the case where the reinforcement 
was parallel to the principal moments (B15 and B18), the elements had 
the same stiffness under torsional moment as under uniaxial moment. 
The other specimens with the reinforcement inclined to the 
principal moments did not have a sharp yield point, which leaves the 
determination of the stiffness values more to judgment than in the 
previous cases. Specimen B17, with the reinforcing bars inclined 22.50 
and 67. 50, had two yield points whereof the first one was fairly 
distinct. . Specimens B14 and B16 behaved like an overreinforced slab 
with no pronounced yield point and with little ductility. 
reinforcement was provided to resist the deadload and the applied 
moment was set equal to the applied twisting moment. The results in 
Fig. 4.32 show that the moment-curvature relationships for specimens B21 
and B22 are nearly the same as that of specimen B20 which had equal 
reinforcement in both directions that corresponded to half the main 
reinforcement in the specimens B21 or B22. 
(c) Moment-Strain Relationships 
Strains in the concrete were measured by electric strain gages 
cemented to the surfaces of the specimen. After cracking, the strain 
gages on the cracked surfaces became unreliable, and an attempt was made 
to obtain additional readings of the strains by photogrammetry 
(ref. Appendix B). 
Figure 4.33 shows strain readings on the compression side of 
the three specimens, B4, B10 and B13, which had the reinforcing bars 
parallel to direction of the applied uniaxial moment. Specimens B4 and 
B10 had reinforcement at one side only, while B13 had reinforcement at 
brth sides. 
It can be observed from Fig. 4.33 that the moment-strain 
relationships were approximately the same for all specimens both in the 
longitudinal and the transverse direction. It is interesting to note 
that Poisson's ratio seems to playa minor role and may be estimated 
to be between 5 and 10 percent. The shape of the curves in Fig. 4.33 
from the cracking moment to yield indicates ·-that the slab element behaved . / 
approximately "elastically." ;. 
Figure 4.34 shows the moment-strainrelationshipp of two 
specimens in which the reinforcement was not parallel to the direction 
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the IImain !l direction and the latter the "transverse" direction. The 
respective main directions for specimens B9, Bll and B12 were 45 0 , 
22.50 and 67.5 0 to the direction of the external principal moment. 
Tests B4 and B19 should be e~uivalent to nonisotropic reinforcement 
with the main direction at 00 and 900 to the direction of the applied 
moment. The results in Fig. 3.31 show that specimen B4 was the stiffest 
one, but both specimens B9 and B12 with 450 and 67.50 inclination of 
the main reinforcement were a little less stiffer than the other 
reference specimen B19. The stiffness of specimen Bll with 22.50 
inclination of the main reinforcement was closer to the stiffness of 
specimen B4 than that of B19. 
In each of the three specimens B9, Bll and B12, the direction 
of the cracks and the direction of the principal curvatures were 
changing from the time of cracking almost all the way up to failure. 
Therefore the angle between the direction of the reinforcement and the 
direction of the principal moment was different from that between the 
reinforcement and the principal curvatures. However, the change in 
the direction of the principal curvature below the yield point was 
only on the order of 20 - 70 and had little effect on the stiffness 
of the element. 
In the torsion specimens B21 and B22 (Fig. 4.32), the ratio 
between the main and transverse reinforcement was 4:1, or ~= 0.25. 
Both specimens had the reinforcement i--inclined at 450 to the external 
principal moments. The difference between specimen B21 and B22 is that 
in B21 the deadloadmoment was ,vectorially added to, the twisting moment 
in computing the applied moment-; in the second case, B22, extra 
The results show that there was no significant difference 
in the compressive strains in specimens under uniaxial moments and 
under pure torsion as long as the reinforcement was parallel to the 
principal moments. This is illustrated in Fig. 4.37 which shows the 
results from specimen B1S under pure torsion compared with those from 
B4 and B13 under uniaxial bending. T~e torsion specimens B16, 317 
and B18 were isotropically reinforced with the reinforcing bars 
inclined to the principal moments at 450 , 22.50 (or 67.50 ) and 00 
respectively. The test results show an increase of concrete strain of 
about 35 percent for specimen B17 with the reinforcement at 2205 0 
and an increase of strain of about 140 percent for specimen B16 with 
the reinforcement at 45 0 to the direction of the principal moment. 
In the latter case the concrete stress probably reached its peak value 
at the time the reinforcement reached its yield point. This may 
explain the limited ductility of this specimen, B16, as indicated in 
the moment-curvature relationship in Fig. 3.10. In other words, the 
spec~en behaved nearly as if it was overreinforced. 
The torsion specimens B19 and B20 were isotropically 
reinforced with half the amount of reinforcement that was used in the 
previous series (B13 to B1S). Specimen B19 had the reinforcement in 
the directions'of the principal moments. A significant decrease in 
compressive concrete strains at the yield point was observed compared 
with the corresponding specimens B15 and B1S with twice the amount of 
reinforcement. But specimen B20 with the reinforcement at 45 0 to the 
principal moments had little or no significant decrease in compressive 
concrete strain at yield point compared with the corresponding 
/; 
:- ... ! 
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of the uniaxial moment. The specimens B7 and B8 were isotropically 
reinforced. The direction of the bars was at 45 0 to the span 
direction in specimen B7 and at 22.5 0 and 67.50 to the span direction 
in specimen B8. The results in Fig. 4.34 show that the rotation of 
the reinforcement had a significant effect on the strain in the concrete 
both in the longitudinal and transverse direction with respect to the 
span. The increase_in transverse positive strain is greater than what 
corresponds to the Poisson's ratio estimated from the results in 
Fig. 4.33. The reason for this is the considerable transverse compres-
sion on the tension side caused by the inc~ined reinforcement. 
The transverse strains on the tension and the compression 
surface are compared in Fig. 4.35. There were large negative strains 
on the tension side of specimens B7 and B8, while BIO, representing 
an element with reinforcement parallel to the span, showed no signifi-
cant strain in the transverse direction on the tension side~ It should 
be mentioned that the strains measured on the cracked surfaces were 
quite scattered and some personal judgment was used in drawing the 
curves for tensile concrete strains. 
In the case of isostatic moment the strains on the compres-
sion side were less than the corresponding strains for a specimen 
under uniaxial moment. This is illustrated by the results in Fig. 4.36. 
Specimens Cl and C2 were subjected to isostatic moment and B4 and BIO 
to uniaxial moment. It is interesting to notice that if the-Poisson's 
ratio effect, represented by the positive strains in Fig. 4.36, is 
subtracted from the-results of specimens Cl and C2,.-the sums will 
nearly coincide with the results of specimens B4 -and BIO. 
i.n each d.irection corresponding to half the amount of the main 
reinforcement in specimen B2l or B22. 
The measurement of the reinforcement strains was more 
reliable than those of the concrete strains. The steel strains were 
in the order of 0.0001 before cracking. The strain readings indicated 
usually a linear moment-strain relationship from cracking to the yield 
point. 
A closer look at the steel strains is most interesting in 
connection with the yield and ultimate moment and the formation of the 
yield lines which are discussed in the next chapters. Hence, more 
detailed explanations of the observed steel strains are given in the 
next chapters. 
4.6. Comparison and Discussion of Analytical and Experimental Results 
The theory presented in Sections 4.2 through 4.4 and the 
test results reported in Section 4.5 are compared in this section. 
No direct experimental study was carried out with regard 
to load-deformation relationships for a reinforced concrete element 
subjected to axial stresses. But the derivations made for an element 
loaded in its own plane were extended and applied to an element 
subjected to moments. Therefore, if test results support the theory 
for elements subjected tq moments, they should also confirm the theory 
for elements subjected to in-plane stresses. 
(a) Concrete Element Subjected toln-Plane Stresses 
A direct comparison of the results of the theo~ in ~.; .... ~ ! 
Section 4.2 with test results can be made by the results obtained by 
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specimen B16. The moment-strain relations are shown in Fig. 4.38. 
The readings indicate that the compressive strain in concrete at 
yield for B20 was about 0.17 percent. 
Concrete strains on the surfaces of nonisotropically 
reinforced specimens subjected to uniaxial moment are shown in 
Fig. 4.39 and 4.40. The moment capacity in the main direction was 
twice that in the perpendicular direction. Specimen Bll had the main 
reinforcing bars at 22.50 to the span direction, B9 at 450 to the span, 
and B12 at 67.50 to the span. The cases with the inclination of 00 
o 
and 90 are represented by results from specimens B4 and B19. The 
longitudinal compressive concrete strains are shown in Fig. 4.39. 
As the main reinforcing bars were rotated from 00 to 900 to the span 
direction, the reinforcement became less effective and also more 
flexible so that the compressive strains at yield increased for all 
three specimens with inclined reinforcement. 
The measurements of transverse concrete ·strains showed that 
the reinforcement produced considerable transverse compression at the 
surface in the longitudinal compression as illustrated in Fig. 4.40. 
In the torsion specimens with nonisotropic reinforcement, 
the ratio between main reinforcement and transverse reinforcement was 
4:1 (~= 0.25). Specimens B2l and B22 both had the reinforcing bars 
at an angle of 450 to the external principal moments. It is 
interesting to note in Fig. 4.41 that,. the compressive strains in the 
concrete in specimens B21 and B22 were similar to those in B20, an 
isotropically reinforced specimen with the amount of reinforcing bars 
element subjected to biaxial stresses. His theoretical results do 
not seem to agree with the theoretical or experimental results 
presented in this chapter. 
The question of effectiveness of reinforcing bars inclined 
to the direction of the maximum principal stress may be encountered 
when providing additional reinforcement in a heavily stressed section. 
Assuming that an isotropically reinforced element behaves 
satisfactorily with regard to deformations, the effectiveness of 
additional reinforcing steel making an angle a with the perpendicular 
to the crack direction can be defined as the ratio N fiN ,where N f 
n na n 
is the component of the steel force for the added reinforcement in 
the direction perpendicular to the cracks (the n-direction) per unit 
width in the crack direction at a given deformation and N is the 
na 
force component per unit width in the n-direction for isotropic 
reinforcement placed at the same angle a and with the amount of steel 
in each direction equal to that of the additional steel.- This 
effective~ess may be determined from Eq. 4.16 and 4.17, assuming E' 
t 
to be s:::::.:: :::::::pared with E 
n 
for a 
The magnitude of the ratio N fiN is 1.0 for a 
n na 
300 , 0.50 for a = 45 0 and 0.10 for ~ = 60 0 . 
o o , 0.90 
It should be noticed that Eq. 4.79 relates the effectiveness 
of the reinforcement in one direction to the effectiveness of iso-
tropic reinforcement, which itself is a function of the angle a and 
r " 
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Peter (15). Peter applied uniaxial tension to a concrete element, 
1.6Om by 1.6Om by 0.08m, with the reinforcement, No.2 and No.3 high 
strength deformed bars, at the mid-height. The direction of the 
reinforcement was varied by 100 , from 00 to 400 . Most of the elements 
in the investigation were isotropically reinforced. 
Figure 4.42 shows test results obtained by Peter for 
isotropically reinforced elements. The ratio E IE is plotted along 
n no 
the y-axis. The strain E is the strain in the direction of the 
no 
load with the reinforcement in the same direction. The strain E is 
n 
the strain in the load direction, but with the direction of the 
reinforcement deviating from the load direction by the angle a plotted 
along the x-axis. The numerals in the plot refer to the loading stages. 
The numeral 3 indicates a load close to the ultimate while the 
numerals 2 .arid 1 roughly correspond to 85 and 70 percent of the 
ultimate load. Thus, the results along one ordinate axis represents 
the same specimen. The scatter was unfortunately high, and the results 
are not likely to give strong support to any theoretical derivation. 
The trend may be said to favor the theory in Section 4.2. 
It is also interesting to note the curve that Peter assumed 
to be a reasonable curve on the basis at his experience. His estimate 
is indicated by the broken curve in Fig. 4.42 and it may be observed 
that this line is almost identical with the theoretical curve (solid 
line) based on Section 4.2. 
The tests by Peter were performed with uniaxial tensile 
loading. The test results refer only to ?ne curve ~or Et ~ 0 in 
Fig. 4.5. Peter also proposed a theory for a reinforced concrete 
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Modulus of. elasticity for concrete, E 
for steel, EC 
s 
4.15 x ~06 psi; 
29 x 10 psi. 
In Fig. 4.43 the flexibility is plotted along the ordinate 
axis and the angle ~ between the reinforcement and the span direction 
is plotted along the abscissa axis. 
Figure 4.43 shows results from six test specimens and the 
theory derived in Section 4.3. The agreement between the results from 
tests and theory is good. The assumption that the concrete in 
compression is linearly elastic on this stress level is reasonably 
good for prediction of flexibility. 
An indication of the nonlinearity of the stress-strain 
curve of concrete is expressed by Fig. 4.44, which shows the corre-
sponding strains along the ordinate axis. The differences between 
predicted and measured strains are about 10 percent and the test 
results support the theory. The nonisotropic case is presented in 
Fig. 4.45 and 4.46. The test results and the computed values showed 
the same nonsymmetric trend. The differences between theoretical 
and observed flexibility are less than 10 percent for all points. 
The measured strains were higher than those computed by about the 
same amount as for the isotropic case. 
In the case of uniaxial moment a~~ inclined reinforcement, 
the reinforcing bars caused significant concrete stresses and strains 
in the transverse direction which were compressive at the level of the 
reinforcement and tensile at the opposite s-ide. This was observed in 
all test specimens with inclined reinforcement. But neither the 
electric strain gages nor photogrammetry gave reliable measurements of 
the magnitude of the strains on the cracked surface. The transverse 
90 
o has maximum flexibility at a = 45. The relation results in a sharp 
drop in the ratio N fiN after the angle a has passed 45 0 . Thus, 
n na 
E~. 4.79 gives small effectivenesses for additional one-direction 
reinforcement whose angle a is greater than 45 0 . 
If an equal amount of reinforcement were added in the 
perpendicular direction to the one-direction reinforcement, Eq. 4.79 
would state that the reinforcement would again be isotropic. 
It may be pertinent to emphasize that Eq. 4.79 refers to 
the resultant crack direction. An inclined "extra ll reinforcement will 
influence the crack pattern such that this additional reinforcement 
will be less efficient than if the crack pattern had remained unchanged. 
This Ilprinciple of the least resistance'! is discussed in Chapters 6 
and 7. 
(b) Concrete Element Subjected to Uniaxial Moment 
The results of theoretical computations and test observa-
tions are summarized in Table 3.1. 
Figure 4.43 illustrates the measured and computed flexibility 
0: a~ isotropically reinforced element subjected to a uniaxial moment. 
The ye:~forcement was approximately 1.0 percent in each layer. The 
thicy..::ess, the concrete quality and the yield stress of the reinforce-
men"t \c:.ried some during the testing. As" standard" values for the 
theoretical computations, the following were chosen: 
Thickness, h = 4.12 in. T. 
Concrete quality, ft = 5000 psi 
c 
Steel yield stress, f y 50,OOO-psi 
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decreasing modulus of elasticity. Therefore, in order to keep the 
derivations in Section 4.4 in its general form, it was thought that 
the most convenient approach would be to use a fictitious ratio of 
E IE that corresponds to the effect of the l1softeningl1 at the concrete 
s c 
under high strains. 
By inspection of the formulas for the strains as a function 
of the orientation of the reinforcement and the stress-strain relation-
ship for concrete) a reasonable equivalent ratio between the moduli of 
elasticity for steel and concrete which was found to be valid for the 
torsion specimens in this investigation is 
E 
s 
E 
c 
7 + 3 sin4 2a (4·78) 
Figure 4.47 shows the flexibility of isotropically reinforced 
elements with about 1.0 percent steel in each layer, subjected to 
torsion. The abscissa represents the angle, f3, between t-he reinforce-
ment and the direction of the principal moments. As the angle, f3, was 
rotated from 00 to 450 , the measured flexibility of the element 
increased to 2.0 - 2.5 times the flexibility at f3 = 00 . The theoretical 
computations predict the test results within 10 percent. 
Figure 4.48 indicates a drastic change in concrete strain, 
which may triple as the reinforcement is rotated from 00 to 45 0 with 
respect to the principal moment. The specimen with the reinforcement 
o 
under 45 to the principal moment may no longer possess the ductile 
behavior that is imperative for the yield-line theory. 
, , 
t 
r.· . :·-::.i ..?j .it· 
iI': 
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stresses in specimen B7, for example, with the reinforcement at 45 0 
to the span were computed to be -1200 psi (comp.) at the surface on 
the reinforcement side of the element, and +370 psi (tension) on the 
opposite or lfcompressionlf side. The high tensile stress led eventually 
to longitudinal cracks in the Ilcompression" side of some of the 
specimens. 
There are many similarities between the test specimens 
subjected to in-plane uniaxial stresses and those subjected to a 
uniaxial moment. Thus, the theoretical curves in Fig. 4.42 and 4.43 
have almost identical form. It appears that it would be easier to 
get consistent results using a test specimen subjected to bending than 
by a specimen subjected to tension. In the bent specimen, the compres-
sion zone has a stabilizing effect and provides an excellent anchorage 
zone for the inclined reinforcement. In the case of a pure tension 
specimen, all concrete is cracked in tension and the inclined 
reinforcement has to be anchored in the cracked zones. 
(c) Concrete Elements Subjected to Torsion 
Torsion is the loading condition for which the orientation 
of the reinforcement has the greatest influence on the flexibility 
and the deformations of a ;.:reinforced concrete element. 
The experimental and computed results show that the maximum 
concrete strains were far beyond the point where the concrete may be 
considered to be a linearly elastic material. 
The effect of the inelastic behavior of concrete on the 
moment-curvature relationship of an element with increasing strains 
is similar to the effect of ,a linearly elastic material with a' 
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The specimens with 0.5 percent reinforcement in each layer 
showed the same general behavior as those with 1.0 percent, but the 
increase in flexibility and compressive strains with inclined reinforce-
ment was a little less pronounced in the case with a smaller amount 
of reinforcement) as it can be seen from the results plotted in 
Fig. 4.49 and 4.50. It is interesting to note that reducing the 
reinforcement by 50 percent will reduce the corresponding compressive 
strains only by approximately 20 to 30 percent (Fig. 4.48 and 4.50). 
The results of two nonisotropically reinforced specimens are 
also plotted in Fig. 4.49 and 4.50. The main reinforcement was about 
l.O percent in each layer and the transverse reinforcement ~as 0.25 per-
cent in each layer. Theoretically, this arrangement of the reinforce-
ment and an inclination 45 0 with respect to the principal moment 
should result in approximately 5 to 10 percent higher magnitude of the 
flexibility and the strain in relation to the case with 0.5 percent 
reinforcement in each direction (see Eq. 4.78). 
It is evident from the above studies that the conventional 
computations on an "elasticl! and isotropic basis are not applicabie 
in predicting the stress distribution in a plate or slab structure. 
More load may go in the direction of the reinforcing bars than an 
"elastic" consideration indicates and less load may be taken by the 
resisting twisting moment than computed according to "elastic ll theory 
of plates. 
The ultimate load is much less sensitive to the orientation 
of the reinforcement than the flexibility. This wil~ be considered in 
the next chapter. 
5. YIELD MOMENT OF A REINFORCED CONCRETE SECTION 
5.1. Introductory Remarks 
The primary object of this chapter is to study the flexural 
yield capacity of reinforced concrete plate sections. Deformations of 
the section are ignored except in cases where the yield deformation 
may be so large as to constitute a limitation to the development of 
the yield moment. 
It should also be noted that the definition of the yield 
moment for plates is not as simple as it is in the case of beams. 
Since the slab is reinforced in more than one direction, the yield 
stress may be reached at different moments in different layers of 
reinforcement. 
In general, a section at a yield line will have two different 
yield points. A single yield point will be observed when only one 
layer of reinforcement crosses the yield line or if both layers (in 
the case of two-way reinforcement) cross the yield line at specific 
angles depending on the relations between the resisting and applied 
moments. The stress-strain characteristics of the reinforcing bars will 
be taken to be elasto-plastic. It is assumed that reinforcement is 
provided in two mutually perpendicular directions. In the following 
derivations, the IImain" direction of reinforcement will refer to the 
direction in which the bars yield first, the other direction being 
called the "transverse"direction. 
95 
5.2. Conditions at the Yielding of the Reinforcement 
The conditions at the first and second yielding will be 
considered in this section. 
(a) Conditions at First Yielding 
The main reinforcing bars have to satisfY Eq. 5.1, derived 
from Eq. 4.18 in order to reach yield at the first yield point. Thus, 
the main reinforcing bars will coincide with the x-direction if 
.22 E Sln ex + Et cos ex - I sinexcosex n nt 
< 1.0 (5.1) 
The notation is the same as in Chapter 4. If Eq. 5.1 is not satisfied, 
the main direction will coincide with the y-direction. For convenience, 
the coordinate system in this section will be arranged such that the 
main direction and the x-direction of the reinforcement coincide, and 
the ratio between the reinforcement in the y-direction and the 
x-direction is~. Hence, the ratio ~, as it is defined for this 
section, may be greater or less than unity. 
The force per unit width, N
nl , exerted perpendicular to the 
yield line at the first yield is found from Eq. 4.19 
2 + cos ex ~ 
.4 .2 2 .3 j En sln ex + Et sln excos ex-/ntsln excosa 
2 .2. En COSCX + Et sln CX + Int slnCX cosa 
The shear force of the reinforcement, N
ntl , at the same load is 
(5.2) 
. i 
\ 
........ , 
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~ 
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.J 
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j 
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r- sinacos~l I . 2 2 
= A f ~ E Sln CX + Et cos CX - Int N n s i:oo:coscx ntl s y - f-L 2 
.' 2 E cos CX + Et Sln CX + I sincxcoscx ' n ' ' nt 
-"- (5.3) 
It is interesting to note that the unit forces Nnl and Nntl 
at the first yield do not depend only on the inclination of the 
reinforcement expressed by the angle cx, but also on the combinations 
of the applied moments, which affect the ratios Et/E
n 
and Int/E
n
. 
(b) Conditions at Second Yielding 
The conditions for the reinforcement at second yield are 
simple. Both layers of reinforcement have reached the yield stress 
and the force per unit width perpendicular to the yield line, N
n2 , is 
and the shear force Nnt2 is 
N t2 = A f (1 - f-L) sincxcoscx 
n s y 
To obtain the second yield, however, excessive concrete 
deformations may be necessary. Since such deformations may not be 
tolerable, the second yield may not be reached even if the slab is 
"under-reinforced ll for uniaxial bending. 
If both layers of reinforcement cross the yield line, the 
first and second yield points coincide when 
( . 2 2 ) E Sln CX ~ cos CX = 
n 
( . 2 2 ) Et Sln CX - cos CX + Int sin2CX 
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If En and Et are principal strains (/nt = 0), there is one common 
yield point for the two layers of reinforcement if En = Et or if 
ex = rr/4. 
The ratio between the deformations at second yield and the 
deformations at first yield, R21 , is 
2 ,2, 
En cos ex + Et Sln ex + Int slnacosex 
, 2 2 , E Sln ex + Et cos ex - I , slnexcosex n n~ 
1 f 22.50 dOth d' ld '11 For examp e) or ex = an Et = Int =, e secon Yle Wl 
occur at a deformation which is six times that at first yield. 
Because the strength contribution of reinforcing bars which 
form a small angle with the yield line is negligible, the importance 
of reaching the second yield point may have little practical signifi-
cance for the strength of the section. The effectiveness of the 
reinforcing bars as a function of the angle ex is shown in Fig. 4.13 
for the case of an element subjected to uniaxial moment with the 
strains Et and Int assumed to be small. It can be concluded that the 
effect of the reinforcing bars at an angle greater than ex = 700 is 
negligible. 
5.3. Yield Moment of a Section With Bottom Reinforcement Only 
In the following the 1!yield moment!! of a reinforced 
concrete section will not be related to either one of the yield points 
of the reinforcement. All the reinforcement will be assumed to have 
reached yield and the concrete will be assumed to be in the inelastic 
j 
·.1 
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range as indicated in Fig. 5.1. The average compressive concrete 
stress in Fig. 5.1 is assumed to be a known quantity. 
The two layers of reinforcement crossing each other at one 
side of the slab element are assumed to have the same height. The 
procedure to convert a practical case into this idealized condition 
was shown in Chapter 4. 
(a) Variation of the Yield Moment With the Direction of the Yield Line 
An isotropically reinforced concrete slab element has the 
same yield moment capacity for any direction of the yield line. The 
resisting moment across a yield line in a nonisotropically reinforced 
concrete element is generally accompanied by a twisting moment as a 
result of the nonisotropy of the reinforcement. The shear forces 
produced by the reinforcement must be counteracted by shear forces in 
the concrete as shown in Fig. 5.2. These generate the twisting moment. 
Whether the shear forces change the capacity of the com-
pression zone of concrete to resist perpendicular stresses is a 
q~es~ioD concerning the failure criterion for concrete. In this 
se::i=~ it will be assumed, as it is in the beam theory, that moderate 
she2~ s~resses do not significantly change the capacity of the 
u~:~a:~eQ zone to resist compressive stresses. 
The force per unit width of the reinforcement perpendicular 
to the yield line is 
N A f ( 2 .2) = . cos a + ~ Sln a 
n s y 
The shear force per unit width is 
100 
The resisting moment per unit width perpendicular to the reinforcement 
in the x-direction is 
A f 
M = A f d(l - k ~) 
x s y 1 a 
ca 
Correspondingly, in the y-direction 
M 
Y 
where a is the average compressive stress in the uncracked zone 
ca 
and ~ expresses the position at the centroid of the compression stress 
block (Fig. 5.1). In Eq. 5.10 and 5.11, and in the following computa-
tions~ the usual sign conventions for concrete design is used; tensile 
stress and strain in the reinforcement and compressive stress and 
strain in concrete are all considered positive. 
The resisting twisting moment is zero if the yield-line is 
perpendicular or parallel to the direction of the reinforcement 
M = M = 0 
x.y yx 
The resisting moment across a yield line perpendicular to an arbitrary 
direction n can be derived from Eq. 5.8, 5.10 and 5.11 
M = M 
n x 
2 
cos ex + M 
Y 
. 2 Sln ex + (~ M - M )(1 _ ) . 2 2 !-l Sln excos ex !-l y x 
The twisting moment can be derived from Eq. 5.9, 5.10 and 5.11 
._".J 
I 
. I 
. j 
.J 
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M ~ (M - M )sinacosa + (~M - M )(sin2a + ~cos2a)sinacosa 
nl., x y ~ y x 
The last product on the right-hand side of Eq. 5.13 and 5.14 reflects 
the fact that the depth of the neutral axis varies as the yield line 
is rotated. The distribution of shear stresses over the compressive 
stress block at a yield line is assumed to be similar to that of the 
compressive forces (Fig. 5.1). 
It is interesting to note that the resisting moment does 
not vary during the rotation of the yield line according to the 
equilibrium conditions. Hence, while the external moments may be 
expressed by Mohr1s circle, the resisting moments cannot accurately be 
expressed in the same way. According to Eq. 5.13 and 5.14 the 
resisting moment can be accurately expressed by equilibrium conditions 
(Mohr1s circle) in the case 
1.0 
The resisting moment in various directions can be determined 
from M and M using equilibrium conditions if the resisting moment 
x y 
arm in the section perpendicular to the x-axis does not significantly 
differ from the resisting moment arm in the section perpendicular to 
the y-axis. Figures 5.3 and 5.4 show the resisting moments in bold 
lines computed by Eq. 5 .13 and 5.14. The moments are presented in 
polar coordinates where the radial direction expresses the magnitude 
of the moment and the angle a is the angle between the perpendicular 
to the yield line and the x-axis. In the example the following values 
were used 
f 
Y 
200 ,I-L 
ca 
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0.4 and A /d 
sx 
The notations are given in the list of notations. 
0.02) A 
sy 
The broken lines refer to the approximate equations 
M =M 2 cos ex + M 2 sin ex 
n x y 
Mnt = (M - M ) sioocosex x y 
Thus) the approximate Eq. 5.16 and 5.17 for the resisting moments 
coincide with the equilibrium conditions. 
~sx 
(5.16) 
(5.17) 
As illustrated in Fig. 5.3 and 5.4 the errors involved in 
the approximate Eq. 5.16 are less than five percent in an ordinary 
slab) while the errors in Eq. 5.17 are usually less than ten percent. 
The equations in this section refer to a state of moments 
that does not result in cracking of the top face in any direction; 
that is, the moment perpendicular to the yield line has to be positive 
or less th2~ the cracking moment if it is negative. 
5.4. Yie::"::: r':::::e:1t of a Section With Top and Bottom Reinforcement 
=~ ~te previous section the simplifying assumption was made 
that all ~e~~~o~cement crossing the yield line in the tension side of 
the section has reached the yield stress. A similar assumption cannot 
be made for the reinforcement in the compression zone of a section at 
the yield line. The reinforcement in the compression zone may yield 
in compression. It may also yield in tension as it has already been 
observed in the case of torsion (Chapter 4). 
, 
.... ,. 
,-- '/ 
__ I 
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It is also possible that the reinforcement on either side 
may not reach the yield point even with moderate amounts of reinforce-
ment. This will be demonstrated in the following. 
(a) General Derivations 
Consider the yield line section perpendicular to the 
n-direction) Fig. 5.5a. The strain in the n-direction is 
E 
n 
a + b z 
n n 
From Fig. 5.5b, the strain in the t-direction is 
If the yield line does not coincide with the principal curvature, the 
shear strain is finite 
(5.20) 
The following simplifying assumptions are made: 
(1) The reinforcing bars at either side of the element are 
assumed to be at the same level. 
(2) The concrete cover thickness is the same at the top and 
at the bottom so that the value of z at the level of the top reinforce-
ment is 
o 
z 
n 
-Cd - 0.5h) 
and at level of the bottom reinforcement . 
(5.21) 
Z 
n 
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(5.22 ) 
The strain in the reinforcement in the x-direction is derived from 
Eq. 4.6. 
E 
sax 
2 .2. En cos a + Et Sln a + Int Slna cosa 
For the top reinforcement in the same direction 
a 
E 
sax 
a 2 o. 2 a En cos a + Et Sln a + Int sina cosa 
The strains in the reinforcement in the y-direction are 
found the same way 
E say 
a 
E 
say 
. 2 2 . En Sln a + Et cos a - Int slna cosa 
a . 2 a 2 a . En sln a + Et cos a - Int Slna cosa 
Combining Eq. 5·18 - 5.26 
2 .2. . Esax an' cos a + at Sln a +:ant Slna cosa 
(b 2 b . 2 b ) + zn n cos a + t Sln a + nt sina cosa 
a 2 . 2 . E a cos a + at Sln a + ant Slna cosa sax n 
- Z (b 2 + bt 
. 2 b
nt sina cosa) cos a Sln a + n n 
. 2 2 
- a ,sina E a Sln a + at cos a cosa say n nt 
+ Z (b 2 + bt 
2 
- b
nt sina cosa) sin a cos a n n 
• -1 
;:: j 
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° 
2 2 
sino: E a sin a + at cos a - a cosa say n nt 
Z (b . 2 + bt 
2 
bnt sina cosa) - Sln a cos a -n n 
Assuming the n-direction perpendicular to a yield line, the 
resisting moment can be found by considering Fig. 5.6 
where 
~ E s 
and 
AA E s 
where 
and 
M = ~(d - 0.5h) + AA(0.5h - ~A/aca) (5·31) n 
fel(A - AO)cos2a + z gl(A + AO ) 2 + e2 (tJAs - l-l°A
o )sin2a cos ex 
s s n s s s 
+ z g2(~ + ~OAD)sin2aJ 
n s s (5·32) 
. . 
fe l (A + A o)cDs
2
a + z gl (A _ A 0) 2 + e2 (!-iAs + 0A 0) . 2 cos ex l-l Sln a s s n s s s 
+ Z g2(!-iA - l-l°AO)sin2exT 
n s s J 
. . 
2 2 
sina el = a cos a + at sin ex + a nt cosa n 
2 2 
sino: e2 = a sin a + at cos ex - a nt cosa n 
= b 2 + bt 
. 2 b
nt sino: gl cos a Sln ex + cosa n 
g = b . 2 b 2 Sln a + t cos ex 2 n - b nt sino: cosex 
;. 
a is the average concrete stress in the compression zone. 
ca 
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To determine the yield moment, a should be chosen so that the section 
ca 
possesses some ductility after Tlyielding.1! The symbols h and ~ are 
shown in Fig. 5.6. 
The twisting moment is 
(5.35 ) 
where 
Ar Es Gl (As - A~) + zngl (As + A~) - e2 (flAs - iJ.°A~) 
- Z g2 (~ + ~ 0 A 0 )1 s ina c osa 
n s s :J 
and 
AR Es [e1 (As + A~) + zngl (As - A~) - e2 (flAs + iJ. °A~) 
- Z g2 ( ~ - ~ 0 A 0 0 s ina cosa 
n s s j 
In Eq. 5 .35 the distribution of shear stresses over the compression 
zone is assumed to have the same form as the compressive stresses. 
Equations 5.31 through 5.37 present the general expressions 
for the normal moment and the torsional moment at the yield line if 
the yield point of the reinforcing bars is not reached. 
If the strain in the reinforcement in one direction is 
beyond the yield strain, the term E E has to be replaced by f , etc. 
s sax y 
Hence, from Eq. 5.27 through 5·30 and 5.34 ' 
E E = Es (el + zngn) < f 1 s sax - y 
E E 0 = E (e - zngl) < f s sax s 1 - y (5.38) 
i 
. i 
'; 
I 
I 
C:l 
!;i 
" .1 
( 
. ...,..1' 
E E S say 
E EO 
S say 
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Es(e2 + zng2) < fy 
Es(e2 - zng2) < fy 
If the cracks or yield lines form only on one side of a 
moderately reinforced element) the quantities at' bt ) ant and bnt are 
positive or have such small negative values that all the tensile 
reinforcement that can contribute significantly to the yield moment is 
brought up to or beyond the yield point before the concrete is exces-
sively strained. 
In the case with cracking on only one side of the element, 
there may be no need for reinforcement on the compression side) and if 
there are reinforcing bars in the uncracked zone of concrete, their 
contribution to the yield moment is so small that the resisting moment 
is practically the same as described in Section 5.3. 
(b) Isotropically Reinforced Concrete Element Subjected to Torsion 
In order to get a clear understanding of what Eqo 5.31 -
5.37 imply, the reinforcement shall be assumed to be repeated top and 
bottom) so that 
o 
I.l 
Hence Eq. 5.32, 5.33, 5·36 and 5·37 are simplified to 
2E A [ 2 . 2 ] z gl cos a + ~g2 Sln a s s n 
2EA[ 2 .2] s s el cos a + l.le2 Sln a 
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Furthermore, the case of isotropic reinforcement (~ = 1.0) 
and pure twisting shall be considered so that 
a = 0 
nt 
a 
u 
a 
v 
b = -b = b cos28 
n t u 
b t = b sin28 
n u 
Substituting Eq. 5.44 into Eq. 5.34 
a 
n 
a 
n 
b (cos28 cos~ + sin28 sina cosa) 
u 
g2 = bu(-cos28 cosaa - sin28 sina cosa) 
where the subscript u and v refer to the directions of the principal 
curvatures, and 8 is the angle between the direction of the principal 
curvature and the perpendicul~r to the yield line as shown in Fig. 4.16. 
Substituting Eq. 5.45 into 5.40 - 5·43 
2E A z b (cos28 cos8a + sin28 sina co~)(cos2a - sin2a) 
s s n u 
2E A a 
s s n 
2E A z b (.cos28 cos2a + sin28 sina cosa) (s,in8a) 
s s n u 
o 
(5.46) 
;j./ 
, . 
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Isotropic Reinforcement, a = 45 0 
Consider first an isotropically reinforcement element with a 45 0 
for which B = 0 and E~. 5.45 becomes 
o 
2E A a 
s s n 
o 
Substituting E~. 5.47 into E~. 5.31 and 5.35 
M 
n 
2E A a (0.5h - ~2E A a /a ) 
s s n -~ 's s n ca 
o 
(5.48) 
It should be noticed that M is the resisting moment across the yield 
n 
line, while,M
nt would not be the capacity of twisting resistance, but 
the twisting moment produced by M. E~uation 5.48 expresses the 
n 
moment capacity of the plate if a < f . 
s - y 
From Fig. 5.5 and 5.6, the following relationships are 
obtained 
2a E A c a 
n s s n ca 
and 
E (0.5h - c ) c a 
c n n n 
Comb iningECl. 5.48, 5·50 and 5.51 
'M 
= (0. 5 + 2~ B ).1 B2 + n B 
- (-0.5 + ~ 2~B )B 
h2a 
-:l-p, p p p p 
ca 
(5.50) 
(5.51) 
(5.52) 
110 
where B = E A E I (a h). P s s c ca 
For the considered isotropically reinforced plate element) 
the yield lines will have the same directions as the principal moments. 
If the reinforcement crosses the yield lines at 45 0 and the yield 
point can be reached) all the reinforcement is brought to yield at the 
same time. The yield moment is 
Ml = 2A f (E.2 - 2lLA f la ) 
n s y -~ s y ca 
In order to compare E~. 5.52 and 5.53, Eq. 5.43 is rewritten in the 
form 
B (1.0 - 4lLB E IE )E IE P -~ p Y c Y c (5.54) 
The results of Eq. 5.52 and 5.54 are shown in Fig. 5.7. In 
effect, this plot shows the variation of the resisting moment with the 
amount of reinforcement. The ratio E IE is chosen equal to 1.0 and y c 
kl equal to 0.4. It should be emphasized that the yield stress can be 
reached only if the element has light reinforcement. With heavier 
reinforcement the effectiveness of the steel is reduced because the 
stresses drop off almost at the same rate the reinforcement is 
increased. 
Figure 5.7 may also represent a beam with longitudinal and 
transverse reinforcement. The llyielding" mechanism for a plate or 
beam element will be described in the following. 
If the slab element is isotropically reinforced, the 
directions of the yield lines are perpendicular to the directions of 
i : ... , 
1 
. ....; 
I 
./ 
..:l 
.• _f 
. i 
i 
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the principal moments, which make 45 0 angles with the longitudinal 
axes. The strain distributions over the depth of the section in the 
directions of the yield lines are e~ual but inverted with respect to 
each other. Thus, they combine to give no curvature in the longi-
tudinal direction. Consequently, the steel strain is equal to the 
strain at mid-height. It follows that if the neutral axes in the 
directions of the yield lines should occur at mid-height, the,steel 
strain is zero. 
The above indicates that the neutral axis cannot be at the 
mid-height in a cracked torsion specimen. As the amount of reinforce-
ment is increased in an element, the neutral axis will tend to approach 
the mid-hight, and this will reduce the strain in the steel for a 
given concrete strain. By increasing the amount of reinforcement the 
strains are brought below that of the steel yield stress. From this 
point on, the increase of reinforcement has little effect on the 
moment capacity because the limiting concrete strain re~uires a 
reduction in the steel strain such that the relative increase in 
quantity of reinforcement is practically e~ual to the relative loss in 
effective steel stress. 
It seems natural to consider the reinforcement at point C 
in Fig. 5.7 as the IIbalanced" amount of reinforcement. Below point C 
the capacity of the reinforcement is the critical factor, while the 
concrete strength is the critical factor beyond point C. 
The "balance point II can be found from E~. 5.52 and 5.54 by 
trial and error 
(0.5 + 2k- B ) ( .J 1 + liB ') + 2k B (2 [~1' 2 - l) - 0.5 _ Ey - 1<- = 0 -~ p p J. P E C E C .-~ 
(5.55) 
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Equation 5.55 can be converted into an explicit form for B , but such p 
an expression is more complex than Eq. 5.55. From Eq. 5.55 the re-
inforcement at the balance point is approximately 
A f ~ 0.125 a h 
s y ca (5.56) 
If more accuracy is desired Eq. 5.56 may serve as a first estimate in 
using Eq. 5.55. 
Isotropic Reinforcement, Any Specified Value of 0 
Consider the previous case, but with an arbitrary rotation 
of the reinforcement, 0, with respect to the principal moment. The 
assumed conditions are 
o A = A , 
s s 
o 
fJ. 1, e 
Substituting these values into Eq. 5.46 
~ E A z b cos 22a s s n u 
AA 2E A a s s n 
AT 2E A b cos2a sin2a s s u 
~ 0 
Substituting Eq. 5.58 into 5·31 
where B = A E E I(a h) p s s c ca 
(5.58) 
(5.59) 
. i 
! 
i 
. ~ 
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Equation 5.59 is illustrated in Fig. 5.8 in relation to the deviation 
in which the reinforcement is assumed to yieldo The general trend is 
similar to that for uniaxial bending. The steel yield stress is the 
governing factor for specimens with small amounts of reinforcement 
and the concrete strain is the governing factor for specimens with 
large amounts of reinforcement. For the case with the reinforcement 
in the direction of the principal moment (a = 0)) the yielding of the 
reinforcement is the governing factor also for large amounts of re-
inforcement if E IE > 1.0. 
c y 
Figure 5.8 shows that for small amounts of reinforcement·the 
torsion capacity is nearly independent of the direction of the iso-
tropic reinforcement. However) the stiffness is very sensitive to 
the direction of the reinforcement even for small amounts of steel 
as shown in Chapter 4. 
(c) Nonisotropically Reinforced Concrete Element Subjected to Torsion 
The case where the directions of the principal moments 
cCl~c:de with the directions of the rei~forcing bars is equivalent to 
a~ ele~e~t with reinforcement parallel to an applied uniaxial mo~ento 
In the following) an element with the reinforcement inclined 
-~ the principal moments is considered. The reinforcement is 
ass·...:.."":':e:: ~o be the same top and bottom. Hence) the case corresponds also 
to the general case of a beam with lorigitudinal reinforcing bars and 
stirrups. The reinforcement may. be stressed so that (1) all rein-
forcement is at yield) (2) the reinforcement is at yield in one direc-
tion only) and (3) the reinforcement does not reach, the yield stress 
because of limiting concrete deformations. 
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Assume All Reinforcement at Yield 
The yield line pattern in an element is shown in Fig. 5.9. 
The reinforcing bars are in the x- and y-directions and the principal 
moments in the u- and v-directions. The yield lines which form in the 
top face deviate an angle y from the u-direction, and those at the 
bottom face deviate y! from the v-directiono The magnitudes of y and 
y! have to be equal because of symmetry. 
According to the premises in this report, the concrete com-
pressive principal stress occurs parallel to the yield lines. The 
second principal stress is assQmed to be negligible. From equilibrium 
of the cross section perpendicular to the x-direction 
2A f = 0 'c (1 - sin2Y) 
s y ca n 
and correspondingly in the perpendicular direction 
!J.2A f 
s y o c (1 + s in2)') ca n 
where the angle y is as shown in Fig. 5·9. Equa tions 5.60 and 5.61 
relate the forces in the reinforcement to the forces in the concrete. 
The torsional moment capacity may. be determined conveniently by con-
sidering a section perpendicular to the x- or y-axis 
M = 0.50 c cos2Y(h - 2~c ) yx ca n -~ n 
Combining·Eq. 5.60, 5.61 and 5.62 
/-
M = A f ~ (h yx s Y 2~ (1 + !J.)A f /0 ) -~ s y ca 
The appearance of the term~!J. in Eq. 5.63 reflects the rotation of the 
: 1 
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yield line. Without a rotation of the yield line, the corresponding 
factor would be (1/2 + 1/2 ~). It can be concluded that the ratio 
~ /(1/2 + 1/2~) does not deviate significantly from unity for ~ > 0.5, 
if the ratio ~ is chosen so that ~ S 1.0. The direction of the yield 
line is found from Eq. 5.60 and 5.61 
-s in2/ 1 - 1-1 
1 + fJ. (5~64) 
The derivations show that isotropic reinforcement is the 
most efficient in resisting torsion. 
Assume Reinforcement at Yield in One Direction Only 
The reinforcement in the layer with the smaller reinforce-
ment is strained more. Hence, this is the reinforcement that is 
assumed to be yielding. Assuming 0 < ~ S 1.0, the reinforcement in 
the y-direction will yield first and is the "main" reinforcement 
according to the definition in Section 5.1. The ~quilibrium equations 
are derived as for Eq. 5.60 and 5.61 
2A E E = 0 c (1 - sin2/) 
s s ax ca n 
~2A foe (1 + sin2/) 
s y ca n 
(5.65) 
(5·61) 
In Eq. 5.65 it was necessary to introduce the steel strain E ) and 
ax 
Eq. 5.61 and 5.65 can be solved only if this strain is known. The 
following strain compatibility equations are available 
-E = 0.5(E + E ) - 0.5(E - E ) sin2/ - 0.5hb cos 2/ 
c ax ay ax ay . u 
(5.66) 
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-0.5(E - E )cos2; + 0.5hb sin2; 
ax ay u o 
E / C = b cos2; 
c n u 
where E is the limiting strain of the concrete in the direction of 
c 
the principal compression stress) which coincides with the direction 
of the yield line; and b is the curvature in the direction of the 
u 
applied principal moments. Equation 5.66 is based on the fact that 
E and E ) which are the strains in the reinforcement, are also 
ax ay 
principal strains at the midheight of the plate specimens. Equation 
5.67 takes into account that the principal compressive stress in the 
concrete is a maximum value. Equation 5.68 expresses that the 
principal curvature coincides with the principal moment because of 
symmetry. 
Combining Eq. 5.62 and 5.61, the moment capacity can be 
expressed as 
M yx 
sin2/ 
sin2/ ~ - lL 4 ~ f / ( cr (1 + s in2i ) )J-L -~ s y ca 
The angle; is the only unknown in,Eq. 5.69, and this angle can be 
determined fromEq. 5061, 5.65, 5.66, 5.67 and 5.68 which result in 
the implicit equation for / 
Solutions of Eq. 5.70 are shown graphically in Fig. 5.10. The magni-
tude of the limiting strain in the concrete, E , is set equal to the 
, c 
yield strain for the reinforcing steel, E , in order to have some 
, y 
:', .. { 
.. . : 
• ....,J 
r 
-' 
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rotational capacity left. The angle in the form of Isin2)'" is marked 
on the horizontal axis, and the vertical axis is the solution of the 
equation. This demonstration indicates clearly that the angle i 
approaches zero as the amount of reinforcement increases and as the 
ratio ~ approaches unity. 
The resulting moment capacity by this approach will be 
shown in comparison with the other two approaches at the end of this 
section. 
(3) Assume All Reinforcement Below the Yield Stress 
The problem to solve is similar to that for partial yielding 
and the following set of equations are available for the solution of 
the problem 
2A E E 
S S ax 
(J c (1 - s in2i ) 
ca n 
~2A E E - (J C ( 1 + S in2i ) 
s s ay - ca n 
-E 
C 
O.5(E + E ) - O.5(E - E ) sin2i - O.5b cos2i 
ax ay ax ay u (5.66 ) 
-O.5(E - E ) cos2i + O.5h b sin2i 
ax ay u o 
E Ic = b cos2i 
c n u 
(5.68) 
The moment capacity can be derived from Eq. 5.62, 5.71, 5.65, 5.66, 
5.67 and 5.68. 
= 
(1 + 
-2~p cos2y sin2y r l+ 4klB sin2y 
sin2i) 2 - j..L(1 - sin2;) 2l (1+ Sin2i)2 - ~(l _ sin2i)2 
(5.72) 
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where B = A E E / (a h). P s s c ca 
The geometric expressions in E~. 5.72 can be rewritten in a simpler 
manner, but it would complicate the solution of the equation. The 
angle i is determined by 
-8B !-L[ (1 + sin2i) -~(l - sin2i) ] sin2icos22i p [ (1 + s in2i ) 2 - ~ (1- s in2i ) 2 ] 2 
(5·73) 
A graphical solution of Eq. 5.73, which is presented in Fig. 5.11 
indicates that the angle i decreases in magnitude with increasing 
amount of reinforcement and with the ratio ~ approaching unity. 
The graphical solution in Fig. 5.11 is not accurate enough 
to yield a satisfactory result for the moment capacity in Eq. 5.72. 
It is seen from E~. 5.73 that as the amount of reinforcement repre-
sented by B approaches zero, the angle i will approach a value p 
corresponding to 
~ 1 -
-sin2i = 
1 +~ (5·74) 
The angle expressed in Eq. 5.74 may be considered as a singular point, 
and by expanding Eq. 5.73 from this point the angle i can be found 
with accuracy by 
-sin2i 
where a 
b 
c 
[a - a ~ 
(1 +~)2/B + 3'tl~ + 5~i~ 3'tl - 1) 
P 
8'tl ~ ~ 4 ~ - lO'tl - 2'tl2 
4(''tl _ ~)2' 
'. I 
,,,-., 
o- J 
~ 
·i 
J 
"'1 
'", J 
i-.J 
119 
Substituting Eq. 5.75 into 5.72 gives the moment capacity. For any 
specific value of ~, the computation is simplified by first determining 
a, band c in Eq. 5.75. 
For small amounts of reinforcement, all the reinforcing bars 
are brought to yield before failure. As the amount of reinforcement 
is increased, a stage is reached where reinforcing bars in one 
direction yield while the bars in the other direction are still in 
the elastic range. If the reinforcement is increased beyond this 
stage, the specimens will fail before any reinforcement reaches the 
yield stress. Figures 5.12 and 5.13 illustrate the moment capacity 
with increasing amounts of reinforcement. The moment capacity is shown 
along the vertical axis, and the amount of reinforcement along the 
horizontal axis such that the symbol AI represents one fourth of the 
s 
total reinforcement per unit width in the whole section. For example, 
if ~ = 0.25 and if the larger reinforcement ratio is 1.0, AI refers 
s 
to a reinforcement ratio of 0.625. 
It should be noted that to assume that the reinforcement has 
reached the yield stress may give results considerably in error even 
for amounts of reinforcement as low as one percent reinforcement in 
each layer. 
The stage where partial yielding governs is very limited. 
The error by ignoring this stage appears to be insignificant. 
The governing curve in Fig. 5.12 and 5.13 is the one 
indicating the least capacity or the 'lower steel stress. The capacity 
will not approach zero for x-axis values over 0.5 as implied by the 
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curve for Hfull yielding!! because finite moment capacities can be 
achieved at lower steel stresses. 
The results of the computed moment capacities are put 
together in Fig. 5.14. The illustration emphasizes that the efficiency 
of the reinforcement is largely dependent on the percentage of 
reinforcement in the specimen. 
Equation 5.75 may also be applied in the "proportional" 
region of the moment-curvature relationship. Consider the term 
B = A E E 1(0 h). Assuming concrete to be linearly elastic) p s s c ca 
E 10 = 2E I(E E) 2/E; hence 
c ca c c c c 
2A E I(E h) 
s s c 
Thus, Bp in Eq. 5.75 should be replaced by B~: if the IIproportional" 
part of the moment-curvature curve is considered. This procedure was 
used to find the crack direction in Chapter 4 (Eq. 4.65). 
5.5. Test Results and Discussion 
The measured yield and ultimate moments of 18 ?pecimens are 
compared with computed values in Table 3.1. The agreement between the 
measured and computed moments is good. The computed values for 
ultimate moments average three percent lower than the measured ones, 
if the cases with strain hardening of the reinforcement are excluded. 
For computation of the yield moment the concrete was 
considered to be linearly elastic with a modulus of elasticity 
E = 63500.Jft' 
c c 
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as given in ACI 31B-63(20). For computation of the ultimate moment, 
the average stress in the concrete was assumed to be 
a 
ca 
10000/(i + BOOO/f') 
c 
which had been found to be an adequate value for beams (21). The 
(5.7B) 
ultimate moment was computed by the formulae derived in this section 
by assuming the constant, ~, to be 0.4. 
As it can be seen from Table 3.1, a significant difference 
in measured and computed moment was always accompanied by a large 
curvature, which indicates strain hardening in the steel. 
The forces in the reinforcement at ultimate load are directly 
related to the moment capacity, and the critical question is whether 
the yield stress can be reached. In the following, the steel strain 
will be considered for various external and internal conditions. 
(a) Strains in Reinforcing Bars Placed in the Direction of an 
Applied Principal Moment 
Figure 5.15 shows the curvature-strain relationship for 
specimens C2, B4 and BIB which were subjected to isostatic, uniaxial 
and torsional moment. The conclusion is trivial as would be expected;' 
the moment-strain relationships are practically, identical. 
(b) Strains in Reinforcing Bars Inclined 22.5 0 and 67.50 to the 
Direction of Principal Moments 
Figure 5.16 shows the measured steel strain in the case of 
uniaxial bending, BB, and pure twisting, B17. The curves demonstrate 
distinctly a first yield point. According to Eq. 5.7, the strain in 
the reinforcing bars inclined 22.50 and 67.50 to a line perpendicular 
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to the cracks should be strained in the ratio 6.0:1uO) provided the 
transverse strains are negligible as in specimen BS. ~he ratio measured 
at first yield -vias about 3.5:100. Thi.s might have been difficult to 
explain if a change in the direction of the cracks had not been 
observed during the test. Because of the less effective layer of 
reinforcing bars at 22050 to the crack) the line of the least resistance 
will not be perpendicular to the applied uniaxial moment. The observed 
change in the crack direction was approximately 10°. If this 100 
change is taken into account, Eq. 5.7 gives a theoretical strain ratio 
The strain ratios in the torsion specimen are more complex 
(Fig. 5.16) because the transverse strain Et plays an important role. 
At cracking and Lrnmediately afterwards, the reinforcing bars at 67.50 
to the line perpendicular to the crack are strained in compression. 
They pick up tensile strains only after a curvature of 35 x 10-5 in.-l 
ha s been exceeded. This trend is i.n good agreement with Eq. 5. 7 . At 
cracking, the strains across and parallel to the crack direction are 
equal in magnitude but opposite in sign, which results in a negative 
strain ratio between the reinforcing bars according to Eq. 5.7. As 
the curvature increases, the strain perpendicular to the crack 
direction increases at a greater rate than the strain parallel to the 
cracks 0 Consequently, the strain ratio changes from a negative to a 
positive value. 
j. 
(c) Strains in Reinforcing Bars Inclined 450 to the Direction of the 
Principal Moments 
Figure 5.17 shows the curvature-strain relationship for three 
specimens with isotropiC reinforcement. Specimen B7 is subjected to 
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uniaxial moment, and specimens B16 and B20 are subjected to torsion. 
Specimens B7 and B16 have one percent steel in each layer, while B20 
has one-half percent. 
The strain readings indicate that specimen B16 had nearly 
the balanced amount of reinforcement. The steel stl1ess reached yield, 
just before the concrete crushed. This is in agreement with Eqo 5.56 
which predicts specimen B16 to be a nearly balanced reinforced element. 
Figure 5.18 may indicate more clearly that B16 did not pos!3;~ss· the 
ductility that is characteristic for an underreinforced element. 
The rectangular specimen used in this investigation may well 
be considered as a slender deep beam. Test results from the other 
extreme, a beam with square cross section, are shown in Fig. 5.19. 
The results are taken from an investigation by Hsu (22). Six beam 
specimens had a cross section 10.0 in. by 10.0 in., and were iso-
tropically reinforced. The average reinforcement yield stress was 
48,000 psi, and the compressive cylinder strength of concrete was 
about 3900 psi. For comparison with the analytical approach in this 
section, the average compressive stress in the concrete at failure was 
taken as 2700 psi (Oe7f') and the limiting concrete strain was assumed 
c 
to be 0.003. It should be noticed that the lowest measured capacity 
was reported to be identical with the carrying capacity at cracking J 
which explains the difference between the measured and predicted 
results because the analysis ignores the contribution from tensile 
stresses in the concrete. The agreement between the experimental and 
analytical results is good. 
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6.2. The Minimum Resistance and Equilibrium 
The principle applied to determine the formation of the yield 
line is as follows: yielding of the element will occur at a location 
in the plate where the ratio of the external moment to the resisting 
moment is maximum regardless of the absolute value of the external 
moment. 
According to energy principles, the orientation of the yield 
line correspondLDg to a true minimum resistance should satisfy the 
equilibrium conditions. Moreover, where it is more convenient, the 
equilibrium conditions may be used directly to find the orientation 
of the yield lines. 
Consider the slab in Fig. 6.1. The directions of the 
reinforcing bars are the x- and y-directions and the corresponding 
unit resisting moments are M and M (positive), and MO and MO 
x y x y 
(negative). For convenience, positive and negative moments are defined 
such th2t M and M are the governing resisting moments-when the 
x y 
element is subjected to the applied moments Ml and M2 as shown in 
Fig. 6.~. T~e moments Ml and M2 are principal moments in the u- and 
v-direc::'c:-.s. 
are 
?~e resisting moments at the yield line are (Fig. 6.1b) 
1-1 
n 
(M - M.) sin (~ + 1) cos (~ + 1) 
x y 
The components of the applied moments at the yield line 
(6.1) 
(6.2) 
i71 
J 
U 
6. FOR~TION OF YIELD LINES 
6.1. Introductory Remarks 
In the application of the yield line theory it may be more 
important and also more difficult to determine or to estimate the 
location of the yield lines than to determine the capacity of a cross 
section. This chapter will deal with the formation of the yield lines 
in an element where the forces at the boundaries are known. It will 
be demonstrated that the yield line is not necessarily perpendicular 
to the direction of the maximum principal moment. As a corollary, it 
will be shown that twisting moments along the yield line, the existence 
of which sometimes has been claimed to be untenable, playa most 
important role. 
For a slab element with equal moment capacity in all direc-
tions, the formation of the yield line will coincide with the direction 
of the applied principal moment, in which case the solution is trivial. 
In this chapter a nonisotropically reinforced concrete slab element 
will be considered. It will be assumed that the relationship between 
the resisting moments can be described by the equilibrium conditions 
(Mohrls circle). As it was shown in Chapter 5, this is an approxima-
tion, but even with a high degree of nonisotropy, the error involved 
is within a few percent. The above assumptions imply that the elements 
considered are underreinforced. 
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ME M 2 M_ .2 n 2 cos / + -~ Sln / (6.4) 
ME M ·2 M 2 t = 2 Sln / + 1 cos / (6.5) 
(6.6) 
The applied moment will not exceed the capacity of the 
element if 
lME I < 1M I n n (6·7) 
and 
(6.8) 
and 
The applied moments are e~ual to the carrying capacity when any of the 
above three ine~ualities becomes an e~uality. Along a yield line of 
minimum capacity expressions 6.7 and 6.8 become e~ualities simultane-
olisly. Let expression 6.7 become an e~uality 
For convenience let 
and 
. ME = M 
n n 
vM = M 
x y 
The "principle of the least resistance" may be expressed by 
(6.10) 
(6.11) 
(6.12) 
d 
d)' 
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ME 
n 
M 
n 
o 
Combining Eq. 6.1, 6.2, 6.4, 6.5 and 6.12 
M ME + MEnt M nt n n 
(6.12) 
o (6.13) 
Therefore, if ME = M , then M t = -ME to That is, at the yield line, 
n n n n 
which is the line with minimum resistance, the component of external 
normal moments at the yield line is equal to the moment capacity 
across the yield line, and the internal twisting moment is in equilib-
rium with the external twisting moment at the yield line. 
Next, the resisting moment, Mt , and the component of the 
applied moment, MEt' (the moments parallel to the yield line) will be 
compared. From Eq. 6.1, 6.2, 6.4 and 6.5 
From 6.le &r.:J.. 6.14 
Equatio:1 6.15 shows that 
Only in particular cases are the moments Mt and MEt equal 
(1) M = M 
x y 
(6.14) 
(6.15) 
.. I 
'~ : 
r···' 
f ".: 
tJ 
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(2) M = -M and M =-M 
x y 1 2 
In the usual case with Mt > MEt' the equilibrium is provided 
by the concrete in the cross section, that i~ the difference (Mt - MEt) 
is compensated by an eccentric IIpres tressingforce!! in the t-direction. 
This phenomenon was described in Chapter 4 where several strain 
measurements confirmed the above statement. 
6.3. The Orientation of the Yield Lines in a Slab Element 
It is indicated in the previous section that the orientation 
of a yield line can be determined from the "principle of least 
resistance" or the equilibrium condition. 
The direction of the yield line is determined by the angle ,. 
(Fig. 6.1) From Eq. 6.1, 6.3.,6.4, 6.6, 6.11 and 6.13, it can be 
derived as shown in Appendix D that 
2 tan ; - mCl tan, + m = 0 (6.16) 
where 
[(v - m) cotan2t3 + 1'- vroJ/[(l - v) cotan t3J (6.17) 
From Eq. 6.16 
if m 1= 0 
tan; (6.18) 
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if ill 
tan)' 2 
-(1 + V cotan ~)/[ (1 - V) cotan~J (6.19) 
o and M2 1= 0 
tan), (M - M ) cotan~/[M + M cotan2~J y x y x (6.20) 
Example 1: A nonisotropically reinforced element subjected 
to uniaxial moment. 
The direction ~ of the reinforcement is chosen 45 0 (see 
Fig. 6.1) and the M 1M 
x Y 0.5. The uniaxial moment acts in the 
v-direction. From Eq. 6.20 
18.40 (6.21) 
The capacity of the element with respect to the uniaxial 
moment in the v-direction is 
Introducing the quantities in the example into Eq. 6.22 
M 
v 
0.67M 
Y 
(6.22) 
(6.23) 
It may be noted that for a yield line perpendicular to the direction 
of the maximum principal external moment, the capacity of the element 
would have been M = 0·75 M which is a significant overestimation of 
v y 
the carrying capacity. 
t 
--. . ..) 
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Example 2: A nonisotropically reinforced element subjected 
to pure torsion. 
The state of pure torsion can be represented by M2 = -Ml or 
ill = -1. The angle ~) representing the direction of the reinforcement 
as shown in Fig. 6.1, is chosen to be 45 0 . Introducing the above 
~uantities into E~. 6.16, 6.17 and 6.18 
tan)' = -(1 + V - 2.[V)/(1 - '0 (6.24 ) 
E~uation 6.24 can be rewritten to read 
-sin2; (1 - v)/(l + V) (6.25) 
In the case of pure torsion ~ = v. Thus, E~. 6.25 is identical with 
E~. 5.64 in the previous chapter which was derived from e~uilibrium 
considerations. 
6.4. The Orientation of the Yield Lines in Plate Elements Subjected 
to In-Plane Forces 
The results obtained in the previous section can be applied 
to reinforced concrete elements subjected to in-plane forces. E~ua-
tions 6.16 through 6.19 are valid for in-plane forces if 
where N ,N are the resisting principal forces in the x- and 
x y 
(6.26) 
y-directions, and Nl and N2 are the applied principal forces in the 
u- and v-directions. If only one significant princ~pal force N2 is 
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applied (Nl ~ 0, see E~. 6.20) 
tany = (N - N ) cotan~/[N + N cotan2~J y x y x (6.27) 
where the angles are as shown in Fig. 6.1. 
The above considerations assuirle that the loading conditions 
are such that tensile yield lines occur. The tension is assumed to 
be resisted by the reinforcement only. Hence 
v (6.28) 
The direction of the cracks before yielding may not be 
parallel to the yield lines. In the proportional range of the stress-
strain relationship the direction of the cracks is a factor in 
determining the effectiveness of the reinforcement, as was mentioned 
in Chapter 4. 
The relationship between Nand N is (see E~~ 4.18) y x 
N IN Y x 
+ Ynt sinexcosa) (6.29) 
Equation 4.79 expresses the effectiveness of "extra ll re-
inforcement by the term N tiN ,which is a function of the angle cx. 
n na 
A simplified expression for ex will be derived in order to obtain an 
approximate and safe estimate of the ratio N IN in E~. 4.79. 
nt na 
It is desirable to eliminate th~ termEt in E~. 6.29· If Et 
is positive, ignoring it is conservative since, for a given value of 
En' a positive value of Et would cause higher stresses in the reinforce-
ment. If Et is ~egative, it is considerably small in comparison to En 
~.. . , 
. i 
t".: •. :; 
"::".7 
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in a cracked section because a negative Et indicates and is limited 
to compressive strains in the concrete; hence, it can be ignored. 
Therefore 
N IN Y x (6.29a ) 
The same reasoning as for Et holds for the smaller of the 
external forces. A negative transverse force would compress the 
concrete and the deformations would be small, while a positive trans-
verse force would increase the effectiveness of the reinforcing bars. 
Let K2 t 0 and Nl = 0, for which Eq. 6.27 applies. The ratio 
Ny/Nx depends on whether the faulting or the shear strain, Y
nt ' is 
restrained. The faulting before yielding is assumed to be small 
compared with E. Hence from Eq. 6.29a 
n 
Combining Eq. 6.30 and 6.27 
tany 
where, from Fig. 6.1 
a 
3.r------, ~!-l tanf3' - tanf3 
3,----__ 
1 + tanj3 ~!-l tanj3 
o 90 - f3 - Y (6.32) 
Introducing Eq. 6.32 into 4.79 gives an approximate, safe estimate of 
the effectiveness of the Ilextra ll reinforcement. 
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Example 1. Let $ o 45 and f.l. 
FTom Eg. 6.31 
tan), -0.115 
_6.60 ) ex 
From Eg. 4.79 
N tiN = 0.283 n na 
The rotation of the crack by _6.60 reduces the ratio N tiN from 
n na 
0.500 to 0.283. 
Example 2. Let f.l. 
From Eg. 6.31 
tan)' 
-tanf3 
)' -$ 
For reinforcement provided in one direction only) the cracks would 
coincide with the direction of the reinforcement if the tensile 
strength of the concrete is negligible. 
It can be concluded that the effectiveness of extra reinforce-
ment in one direction depends on the ratio between Hextraf! and TTbase IT 
reinforcement as well as the direction of the extra reinforcement. 
6.5. Test Results 
Observations related to the formation of yield lines are 
reported in this section. 
In all test specimens) regardless of the reinforcement) the 
initial cracks appeared perpendicular to the maximum principal external 
"'.:; 
'I 
. ·1 
~ 
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moment. Further development of these cracks depended on the direction 
and distribution of the reinforcement. 
The development of cracks in specimen B8 (Fig. 6.2) is a 
typical illustration of the nature of the crack development. Speci-
men B8 was a rectangular element subjected to uniaxial moment, with one 
06 0 percent reinforcement in both layers which were at 22.5 and 7.5 to 
the span direction. 
The initial cracks appeared perpendicular to the span 
direction as shown in Fig. 6.2a. Further cracking was apparently 
influenced by the reinforcement and rotated in a direction that would 
even out some of the strain differences in the two layers (Fig. 6.2b). 
After yielding of the reinforcement the yield lines "readjusted!! to be 
perpendicular to the span direction as shown in Fig. 6.2c. 
In the case of nonisotropic reinforcement in specimens sub-
jected to uniaxial bending (specimens B9, Bll and B12), the yield lines 
were not perpendicular to the span or the external principal moment. 
Specimen B9 had reinforcement at 450 to the span direction, 
one percent reinforcement in one direction and one-half percent in the 
perpendicular direction. During the test, the yield line rotated to 
avoid the stronger layer of reinforcement. The photographs in Figo 6.3 
show the yield· lines at failure. Figure 6.3a shows the tension side. 
Cracks in several directions relate the history of the development of 
the crack pattern during the test. The initial cracks were vertical 
(with respect to the orientation of the photograph in the page). As 
the load increased the cracks rotated by stepwise IIleaps" from one 
vertical crack to another. Although it is·not possible to pinpoint 
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exactly the orientation of the yie~d lines in the photograph, the 
over-all direction in the yielding zone seems to be very close to the 
chalk lines, the direction of which is based on the analytical results 
given in this chapter. The photograph in Fig. 6.3b, which shows the 
failure in the compression zone, eliminates any doubt about a signifi-
cant inclination of the yield lines with respect to the Tlvertical ll 
direction. Some of the concrete cover is removed in Fig. 6.3a to 
demonstrate how the yield lines try to avoid the heaviest layer of 
reinforcement. 
Specimen Bll (Fig. 6.4) had one percent reinforcement at 
22.50 to the span direction and one-half percent reinforcement at 
67.5 0 to the span. The reinforcement is uncovered in the upper left 
corner in the photograph (Fig. 6.4a). The development of the yield-
line pattern was similar to that for specimen B9. The chalk lines in 
Fig. 6.4a indicate about 20 greater deviation from the vertical than 
the analytical prediction. Figure 6.4b shows the direction of the 
final yield lines more clearly. 
In specimen B12 the ratio of the reinforcement in the two 
directions was again 0.5. The one-percent layer deviated 67.50 from 
the span direction, and the one-half percent layer was at 22.50 to the 
span direction. As it can be seen in Fig. 6.5, the rotation of the 
yield lines is considerably less in specimen B12 than in the two 
p:.'evious specimens (B9 and Bll). The chalk lines indicate the computed 
directions of the yield lines. Figure 6.5b shows the compression side 
.:fter failure. 
. ; 
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Two nonisotropically reinforced specimens subjected to 
torsion were tested. The amount of reinforcement in the longitudinal 
direction was one ~uarter of a percent in each layer in top and bottom, 
while the amount of reinforcement in the transverse direction was one 
percent in each layer. The initial cracking appeared at 450 to the 
longitudinal_axis, and the orientation remained unchanged till after 
yielding. In the loading period between yield and ultimate load, the 
direction of the apparent governing yield lines changed. The yield 
line patterns for specimen B2l and B22 are shown in Fig. 6.6. The 
final orientation of the yield lines was approximately the same for the 
two specimens. From Fig. 6.6b, it can be seen that the deviation of 
the yield lines from one of the principal moments is about 150 for 
specimen B22. 
6.6. Concluding Remarks 
The observed reorientation of the yield lines was made possi-
ble by the special test setup in this investigation, where the support 
a~Q l:ai:~g system did not introduce undue forces under the deformations 
of -:.:-:e s,;e:i:n.ens. 
:~ may be interesting to note that in the case of tests with 
uniaxia~ ~:~ent, the supports in former investigations have usually 
a1lowei ~te specimen to rotate about their transverse axes at the 
supports) but not about the longitudinal axes (13,14). If the condi-
tions were such that twisting moments were produced at the yield lines, 
the supports would take the major part of the twisting moment and the 
yield lines would then appear perpendicular to the principal moment. 
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"Transversely rigid" supports may also significantly increase the 
. 
moment capacity in the longitudinal direction) as it was shown by the 
;i.. 
first example in the previous section. 
A survey of the computed and observed orientation of the 
yield lines in the specimens of this investigation with nonisotropic 
reinforcement is given below. 
Specimen Load t3 jJ. Measured I Computed I 
B9 U 45 0 0·5 16-180 18.40 
Bll u 22.50 0·5 17-200 17.10 
B12 U 67.50 0·5 9-110 10.80 
B21 T 450 '0.25 15-180 18.50 
B22 T 45 0 0.25 14-170 18.50 
The symbols U and T refer to uniaxial and torsional bending; ~ is the 
angle between the heavier reinforcement layer and the direction of the 
maximum moment; I is the deviation of the yield lines from the per-
pendicular line to the maximum moment direction. The symbol jJ. is the 
ratio between the reinforcement in the lighter layer and that in the 
heavier layer. 
The experimental results leave no doubt that under given 
conditions the twisting moments at the yield lines represent an 
Lmportant factor for the orientation of the yield lines and the capacity 
of the nonisotropically reinforced concrete elements. 
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7. THE YIELD CRITERION 
7.1. Introductory Remarks 
The yield criterion considered in this chapter refers to the 
flexural yield condition of a reinforced concrete slab element. A 
general application of the yield criterion and any analysis based on 
the theory of plasticity presumes a theoretically indefinite ductility 
after the yield condition is reached at a cross section. For practical 
solutions, the required ductility is dependent on the boundary condi-
tions, loading conditions and the geometry of the structure. Another 
important factor in connection with the ductility or the rotational 
capacity is whether the total rotation is developed in a zone comprising 
several yield lines or whether the conditions are such that the 
rotation has to be produced in a narrow strip. Consequently, it is 
not possible to state an exact requirement for the rotational capacity. 
However, for most practical cases, a structural element which can 
deform three to five times the deformation at yield should have suf-
ficient rotational capacity. 
If plain concrete can be considered as one material, a rein-
forced concrete element consists of two materials, concrete and steel. 
The concrete has limited ductility while the reinforcing steel is 
required to be ductile. Consequently, if the limiting strain in the 
concrete is the critical factor for the load carrying capacity, the 
yield-line theory should not be applie~ without a special examination 
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of the problem) and then only with great caution. If the steel is the 
governing factor) the section should possess an adequate margin of 
ductility. 
For reinforced concrete beams) the two conditions described 
above are designated "overreinforcedll and "underreinforcedll sections) 
while the "balanced tl section is one in which both conditions are 
supposed to be realized simultaneously. For a beam subjected to 
uniaxial bending) the balanced reinforcement can be expressed solely 
in terms of material properties and geometry of the critical section. 
As shown in Chapter 5) the IIbalancedll amount of reinforcement 
in a reinforced concrete element is not only dependent on the condi-
tions stated for the beam but also on the relation between the external 
principal moments and on their directions relative to the directions 
of the reinforcing bars. In order to simplify the presentation) 
reinforced concrete elements will be grouped into three categories: 
Category 1 comprises all elements in which the yield stresses 
in the rei~forcement are the governing factor for the carrying capacity 
under a~_ ez:.ernal loading conditions. 
C2:.e~Gry 2 comprises the elements which are underreinforced 
under so::-;e ex:.err..al loading conditions but overreinforced under dif-
ferent ez:.er~sl conditions. 
Category 3 comprises the cases in which the concrete elements 
are overreinforced regardless of the combination and the direction of 
the external moments. 
i ) 
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7.2. The Yield Criterion, Category 1 
The upper limit for the amount of steel in one layer is 
given by Eq. 5.55, which is approximated by Eq. 5.56 
where 
A f ~ 0.125 a h 
s y ca 
A = area of steel per unit width in one layer 
s 
f yield stress of the reinforcement y 
a average concrete stress in the compression zone 
ca 
h height of the section 
In Chapter 6 it was assumed that the steel stress was the 
governing factor and thus Chapter 6 deals with Category 1. The yield 
criterion in this case was determined by. Eq. 6.22, 6.16 and 6.17, 
which are repeated here for convenience 
where I is determined by 
2 
-tan I - (1)Cl tanl +(1) 0 
with 
2 (1)Cl = [(v - (1)) cotan ~ + 1 - v (1)J/[(l - v) cotan~J 
The coordinate system and the angles are shown in Fig. 6.1. 
A graphical presentation of the yield criterion stated by 
Eq. 7.2 is given in Fig. 7.1 through 7.4. The moments and their direc-
tions are presented in a polar coordinate system. 
Figure 7.1 shows the directions of the applied principal 
moments u and v. The magnitude of the moment is the'radial distance 
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from origin to the considered point on the curve. The direction of 
the moment at the considered point is the radial direction related to 
the u or v axis. In Fig. 7.1 the element is assumed to be isotropically 
reinforced so that the resisting positive moment is equal in all 
directions (M = M). Thus) the resisting moment is represented by the 
x y 
circle. The applied load is assumed to be a positive uniaxial moment. 
The shape of the curve resultS' directly from equilibrium conditions 
(or Mohr's circle). As the applied moment is increased, the curve 
representing the applied moment will expand maintaining its original 
shape. When the curve touches the line or circle of resistance, the 
yield capacity is reached. The common point of the two curves repre-
sents the moment and the direction, I, of the yield line. As can be 
seen, the angle / is zero in this case. Because of the symmetry with 
respect to the horizontal line) the lower part is not needed and will 
be reserved for negative moments. 
The case in Fig. 7.2 is more interesting. The element is 
nonisotropically reinforced (M f M ) on one side (top or bottom). The 
x y 
applied moments Ml and M2 are positive and different in magnitude. The i, 
principal directions of the applied moments are different from those 
of the resisting moments (Fig. 6.1). The location of the point of 
intersection of the applied and resisting moment curves in Fig. 7.2 
demonstrates that the yield-line direction, I, does not coincide with 
either the direction of an applied moment or with the direction of the 
resisting moments M or M. It is seen that the applied moment in the 
x y 
v-direction cannot reach the resisting moment in that direction. The 
same phenomenon was shown analytically in Example 1 of Section 6.3. 
j 
! 
: .. \ 
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Figure 7.3 shows the case of pure torsion, or equal applied 
moments of opposite sign. The element is assumed to be isotropically 
reinforced with equal amounts of reinforcement in the top and bottom. 
Therefore, the resistance is represented by a full circle. The figure 
demonstrates how the positive and negative yield lines are developed 
simultaneously. The yield lines are perpendicular to each other. 
The case in Fig. 7.4 also refers to pure torsion, but the 
element is nonisotropically reinforced with the reinforcement repeated 
top and bottom. The directions of the reinforcement are set at 450 to 
the directions of the applied principal moments. The graphical pre-
sentation shows that the negative and positive yield lines caused by 
negative and positive moments are no longer perpendicular to each other 
and that the applied moment does not quite reach the resisting moment 
in the u- and v-directions. This phenomenon was discussed in Chapter 5 
(Eq. 5.63). The ratio of the resisting to the applied moment in the 
u-direction is 0.5(1 + v)! ~~, where V denotes the ratio between the 
resisting moments. 
The graphical procedure is simple to use. Given the ratio 
between--and the direction of--the applied principal moments, and the 
resisting moments and their directions, the curves can be obtained from 
equilibrium conditions (Mohrls circle) for any desired caseo Having 
obtained the shape of the applied moment curve, it is merely a question 
of enlarging it until the yield condition appears. 
The yield criterion can be presented in a very simple manner 
in two particular cases: (1) for isotropically reinforced elements and 
(2) for the case where the directions of the applied principal moments 
l~ 
coincide with the directions of the reinforcement. In these cases the 
derivations in this report agree with Johansen's yield criteria, which 
were discussed in Chapter 2 and shown in Fig. 2.1. 
7.3. The Yield Criterion, Category 2 
The fact that Eq. 7.1 is based on a limiting concrete strain, 
E , equal to the yield stress in the steel, E , insures that all cases 
c y 
included in Category 1 are at least 15 percent underreinforced. 
For a slab in category 2 it is possible that an assumed 
yield line may pass through regions which are definitely underreinforced, 
and also through overreinforced regions, although the slab may be evenly 
reinforced throughout its area. In such a case, it would be too con-
servative to declare categorically that the yield line theory should 
not be used. If the yield lines in the overreinforced regions are 
about the last ones to be formed, the required rotational capacity is a 
min~um that may not exceed the rotational capacity of-a overreinforced 
section. On the other hand, if excessive rotation of the overreinforced 
sections is required, a yield line in the overreinforced region may 
lose its capacity before the last yield lines are formed. In such a 
case, the yield-line theory cannot be applied to determine the capacity 
of the slabs. 
Consider the specific case for an element with equal, iso-
tropic reinforcement top and bottom. The directions of the reinforce-
ment make 45 0 with the directions of the principal applied moments. 
As long as the relative amount of reinforcement, A /h,is under the limit 
s 
'" " 
i 
. I 
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given by E~. 7.1, the yield criterion has the well known s~uare shape 
as shown in Fig. 7.5a. 
If the amount of reinforcement is twice that gi.ven by E~o 7.1, 
the yield criterion will be as shown in Fig. 7.5b. The bold lines in 
Fig. 7.5b indicate the regions of the yield criterion where the rein-
forcement is still the governing factor and the element has consid.era-
ble ductility beyond yielding. Hence, if the load combinations are 
such that the bold lines of the yield criterion determine the capacity, 
the yield line theory can be applied as in Category 1. The broken 
lines in Fig. 7.5b indicate the region of the !!yield criterion l1 where 
the limiting concrete strain governs, and the element has little 
ductility. If the load combinations are such that a broken line is 
reached, the application of the yield-line theory has to be restricted 
to the particular case for which the re~uired rotation of the considered 
yield line is little. Therefore, the broken line may be used if the 
considered yield line is the last to occur. 
The modified shape of the criterion is based on the deriva-
tions in Chapter 5. Figure 7.6 shows the relation between moment 
capacity and the amount of reinforcement under the same conditions as 
in Fig. 7.5. Where the steel stresses govern (f = f ) and where the 
s y 
concrete strains govern (f < f ) is indicated in Fig. 7.60 Three 
s y 
representative cases are examined~ (1) isostatic moment, (2) uniaxial 
moment, and (3) torsional moment. 
Figures 7.5c and 7.5d show the further development of the 
yield criterion as the amount of steel increases. It may be noted that 
the "bold-line" region, for which the yield-line theory applies, 
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appears to be constant in absolute magnitude as the reinforcement 
increases. However, the ductile region covers a relatively small part 
of the yield criterion when the amount of reinforcement is increased 
above that shown in Fig. 7.5c. 
It should be mentioned that if the directions of the iso-
tropic reinforcement had been parallel to the directions of the 
principal moments, the yield criterion would have kept its square shape 
aJso for a large amount of reinforcement. 
The yield criterion for the general case with nonisotropic 
reinforcement in an arbitrary direction does not deviate in principle 
from the special case with isotropic reinforcement, but the deviation 
of the yield line from the directions of the principal moments makes 
a general analytical or graphical presentation more complex. The most 
--.: 
practical method is probably to use the procedure in Section 7.2 and 
check the obtained values by the derived expressions in Chapter 5 and 
s~e'~f the section is overreinforced. 
It may also be noted that in the case of nonisotropic 
reinforcement in top and bottom parallel to the principal moments, the 
shape of the yield criterion will remain rectangular for large amounts 
of reinforcement. 
7.4. IIYield Criterion,ll Category 3 
This category, which includes sections which are over'-
reinforced under any condition, has very little to do with a general 
yield criterion or with the yield-line theory. However, if it can be 
shown in a particular case that the yield line 'in the overreinforced 
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region is the very last to appear, the yield line theory should still 
be applicable. 
7050 Concluding Remarks 
It should immediately be emphasized that Category 1 covers 
nearly all the cases which are encountered in ordinary designo A 
designer would very seldom work with slabs in Category 2, and if so, 
the conditions are not likely to be in the !lbroken line!! region of the 
yield criteriono Hence, the principles presented in Secti.on 702 can 
be used in this case. 
It may be said that the resisting moment capacities which 
are graphically shown by curved lines in Section 7.2, actually are 
sections of a three-dimensional yield surface, as are Tresca1s and 
von Mieses ' yield criteria. The concept of the yield criterion pre-
sented as a surface may be useful for the general understanding, but 
for solution of problems the graphical presentation in Section 7.2 
is more powerful and illustrative. 
The application of the yield criterion expressed analytically 
and graphically in this chapter should serve as a general basis for 
the yield-line theory 0 
r-
.) 
8. S~RY 
8.1. Outline of Investigation 
The primary objective of this investigation was to establish 
a flexural yield criterion for reinforced concrete plates and to 
determine the conditions for which a yield criterion exists. The 
secondary objective was to obtain a better understanding of the be-
havior of reinforced concrete plates in the whole spectrum of response 
from initial loading to failure. These two objectives were closely 
interrelated. 
The investigation was carried out by parallel theoretical 
and experimental studies. Tests of 22 specimens are described in this 
report. The test results are compared and discussed in the text, 
while a detailed description is given in Appendix A. The properties 
of the test specimens and results are summarized in Table 3.1 and 
Fig. 4.19 and 4.20. Three of the test specimens were subjected to 
isostatic moment, ten specimens were subjected to uniaxial moment, and 
~i~e spec~mens to pure torsion. The main variables in the test speci-
~e~s ~'e~e ~he direction and the distribution of the reinforcement. 
Seye~:ee~ specimens were isotropically reinforced and five specimens 
had ~:~iso~ropic reinforcement. The amount of reinforcement in each 
layer was 1.0) 0.5 or 0.25 percent, and the nonisotropy ratio ~ was 
0.5 or 0.25. The directions of the reinforcement were 00 , 22.50 , 45 0 
or 67.50 with respect to the applied principal moment. 
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The analytical expressions for deformation and strength were 
derived on the basis of equilibrium and compatibility of a cracked 
section. The experimental and analytical results were in good agree-
mente The results indicated that the effect of the reorientation of 
inclined reforcing across cracks was negligible. The flexibility of 
a reinforced plate element was found to be more complex than conven-
tionally assumed. The yield criterion was presented in a simple manner 
both analytically and graphically. 
8.2. The Yield Criterion 
A general application of the yield criterion requires 
ductility of the considered section beyond the deformations at yielding. 
The investigation showed that the general ductility requirement limited 
the amount of reinforcement in plate elements far below the amount 
which is conventionally considered to result in ductile behavior as 
implied by building codes. A simplified, approximate-expression was 
derived for the balanced amount of reinforcement 
A f = 0.1250 h 
s y ca (8.1) 
The notation is given in Appendix C. 
The analytical expression for the yield criterion was derived 
to be 
(8.2) 
where ~ is the angle between the directions of Ml and M
x
' and I is 
determined by 
~'" ::1 
L~ 
; 
i 
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2 
-tan y - mCl tany + m 0 
where 
2 [(v - m) cotan ~ + 1 - Vm]/[(l - v) cotan~J 
The coordinate system and the angles are shown in Fig. 6.1. A graphical 
presentation of the yield criterion stated by Eq. 8.2 is given in Fig. 
7.1 through 7·4. 
The yield criterion recognizes that twisting moments may 
exist along the yield line, which affects both the direction of the 
yield line and the moment capacity of the element. 
The yield criterion is generally applicable to reinforced 
concrete members. It is in good agreement with the test results 
obtained in this investigation. Other reported test results for a 
plate subjected to axial forces and for a beam subjected to torsion were 
studied quantitatively. The results of this study-demonstrated the wide 
applicability of the yield criterion given by Eq. 8.2, where the nota-
tion M may designate a general force such that M stands for moment in 
computations for slabs and beams and for axial force in computations 
for plates subjected to in-plane forces. 
8.3. Reorientation of the Reinforcing Bars 
No evidence was found of a ~ignificant effect with regard to 
the reorientation of reinforcing bars inclined to the cracks either 
from experimental results or analytical studies. No "stepwise ll or 
I~sta'ircase" crack pattern was observed. Neither could a direct 
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observation of the reinforcing bars reveal any significant reorientation 
or "kinking. f! 
8.4. Flexibility of Slab Elements 
The test results showed that the flexibility of an iso-
tropically reinforced concrete element is directly related to the direc-
tion of the reinforcement and the combination of the applied moments. 
The flexibility of an element may double or triple by rotating the re-
inforcement with respect to the direction of the applied moments. For 
the nonisotropically reinforced elements this phenomenon might be even 
more pronounced. The test results were in agreement with the analyt-
ical computations which were based on strain relations. 
The investigation did not support the conventional plate 
theory which is based on .. linear elasticity and isotropy or simple 
anisotropy of the plate element. On the contrary, the basic assump-
tions in the conventional plate theory appear to have very little 
resembla~ce to the behavior of the reinforced concrete slab element. 
There:c:!"e, :iC matter how intricate the method of solution, any approach 
based C:-. :::c:-: .. "e:--l"'cional plate theory may not predict the moment distribu-
tion r.:c:!"e 8.::: :::'..:.:!"a tely than a reasonably good estimate based on simple : ,. 
. , 
equilib:!"i''':''';, cO:1siderations. 
8.5. Yield Moment 
The investigation brought out clearly that the stress condi-
tions at the yield line can be understood only if the general strain r 
I 
pattern is known. For example, the reinforcement in the concrete 
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compression zone at a yield line may be yielding in tensiono 
Whether a cross section was underreinforced was found to be 
not only dependent on the geometric and material properties of the 
section but also on the combination of the applied loads. A section 
which appeared to be extremely ductile under one load combination 
could show the characteristic load-deformation curve of an over-
reinforced element under another load combination. 
8.6. Orientation of Yield Lines 
The orientation of the yield lines in an isotropically re-
inforced element was. always perpendicular to the applied principal 
moment. 
For nonisotropically reinforced element the orientation of 
the yield line was governed by the "principle of the least resistance. 1I 
For all five nonisotropicallyreinforced test specimens the rotation 
of the yield line could be predicted by the principle of the least 
resistance described in Chapter 6. 
8.7. Proportional and Nonproport"ional Loading 
All test specimens were subjected to proportional loading. 
However, it can be concluded from the test observations that the final 
deformations could have been entirely different for nonproportional 
loading .. An illustrative example is .given in Chapter 40 
(. 
· " 
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TABLE 2.1 
TESTS UNDER PURE TORSION (NIELSEN) 
Properties of Specimens ~nd Test Results 
Reinforcement in Reinforcement in ou VF F. of Il a Specimen the x-directi.on the y-direction JX c 
top and bottom top and bottom 2 Calculated kg kg/cm kg 
1. R7 per 10 R7 per 10 105 1 335 1200 
2 R7 per 10 R7 per 10 136 1 325 1520 
3 RIO per 10 H5 per. 10 235 0.24 315 1280 
4 R8 per 10 R5 per 10 239 0.24 308 1290 
5 R8 per 10 R7 per 10 162 0·75 240 1520 
6 R8 per 10 R7 per 10 166 0·73 282 1550 
7 'R8 per 10 R6 per 10 189 0·59 323 1610 
8 R8 per 10 R6 per 10 187 0.60 310 1590 
R7 per 10 denotes "round steel" with diameter 7 mm spaced 10 cmo 
F~u = area per cm of the reinforcement in the x-direction eQual in top and bottom 
JX 
of = yield stress in reinforcement 
° compressive strength of concrete 
c 
Il F. /F. JY JX 
VF RI ~ MF, where MF is the yield moment referring to the reinforcement F j 
VF VF 
Measured Measured 
kg Calculated 
1280 1.07 
1450 0·95 
1310 1.02 
1280 0·99 
1580 1.011-
1580 
I-' 
1.02 \Jl 
+:-
1630 1.01 
1630 1.03 
TABLE 2.2 
TESTS UNDER UNIAXIAL BENDING (HOUBOLT) 
Properties of Specimens and Test Results 
Concrete Orientation and Spacing Unit Ultimate Moment 
Mark Strength of Reinforcement f' 0:1 sl 0:2 s2 Calculated Measured Measured c 
psi deg. in. deg. in. kip kip Calculated 
(kg/cm2) (cm) (cm) (t) (t) 
Hl. 5130 0 3 90 6 8·3 8.6 1.04 (361) (7·6) (15.2) (3.8) (3.9) 
H2 4910 45 3 45 3 7·9 8.0 1.01 
(345) (7·6) (7·6) (3·6) (3·6) 
H3 3800 30 3 30 3 11·5 11·3 0·98 \-l \.n 
(367) (7.6) (7·6) (5.2) (5.1) \.n 
H4 3980 60 3 60 3 4.0 4.2 1.05 
:' (280) (7·6) (7.6) (1.8) (1.9) 
H5 4020 30 3 60 3 8.0 8.6 1.07 (283) (7.6) (7·6) (3.6) (3.9) 
H6 3830 0 3 45 3 11.6 11.4 0.98 (269) (7·6) (7·6) (5·3) (5.2) 
H7 3780 45 3 90 6 4.2 3·8 0·91 (266) (7·6) (15.2) (1.9) (1·7) 
H8 3760 0 3 90 6 8.2 8.8 1.07 
(264) (7.6) (15.2) (3.7) (J+.O) 
H9 3820 45 3 45 6 6.1 6·3 1.03 
(269) (7.6) (15.2) (2.8) (2.9) 
l .. ___ .; L~Jji' l.:.;'-_ .. ; 
" . 
L~ .. < _ ~_ ..... ' ';~;L':l~~' } 
TABLE 2.2 (Continued) 
TESTS UNDER UNIAXIAL BENDING (HOUBOLT) 
Properties of Specimens and Test Results 
--
Concrete Orientation and Spacing Unit Ultimate Moment 
Mark Strength of Reinforcement f' (Xl sl (X2 s2 Calculated Measured Measured c 
psi deg. in. deg. in. kip kip Calculated 
(kg/cm2) (cm) (cm) (t) (t) 
HlO 3450 30 3 30 6 8·9 9·1 1.02 
(243) (7·6) (15.2) (4.0) (4.1) 
Hll 4210 60 3 60 6 3·1 3·1 1.00 
(296) (7·6) (15.2) (1.4) (1.4) 
H12 4040 60 3 30 6 5·0 5·0 1.00 \-l '0l 
(284) (7·6) (15.2) (2.3) (2·3) 0\ 
Hl3 '3880 30 3 60 6 7·1 7·3 1.03 
(273) (7·6) . (15.2) (3·2) (3.3) 
Hl4 3540 45 3 0 6 7·8 8·3 1.06 
(214) (7.6) (15.2) (3.5) (3·8) 
H15 4380 45 6 90 6 2.1 2.0 0.96 
(308) (15.2) (15.2) (1.0) (0.9) 
dl = 4.67 in. (11.8cm), d2 = 4.3 in. (10.9cm) 
LL_~; 
TABLE 2.3 
TESTS UNDER UNIAXIAL TENSION (PETER) 
Properties of Specimen and Test Results 
Orientation) Diameter and Spacing Calculated 
Mark of the Reinforcement -10% for 1'size effect ll 
ct1 Dl 81 ct2 D2 81 
deg mm cm deg mm cm t 
82rO 0 8 10 90 8 10 40.0 
82rl0 10 8 10 80 8 10 34·7 
82rl0W 10 8 10 80 8 10 45.0 
82r20 20 8 10 70 8 10 42.2 
82r20W 20 8 10 70 8 10 43.9 
82r30 30 8 10 60 8 10 38.0 
82r40 40 8 10 50 8 10 37·7 
W denotes a duplicated test. 
~)?;L~ : ~: ~ I . :~.,,~.~ i \",~.':'- ....... :." f" ·f'!t7'~· '1 ~.J.b:o.:J 
Tensile Force 
Measured Measured 
Calculated 
t 
40.0 1.00 
35·1 1,01 
44.1 0·98 
f-1 
'0l 
39·4 0·93 
~ 
43·3 0·99 
38.8 1.02 
40.8 1.08 
-; 
Mark 
.r:: H 
+' OJ ~'d 
c: c: QJ .,-1 
Hri 
+'>, 
[J) U 
QJ • 
+' c: QJ .,-1 
H 
UC\! 
Cri 
o X 
U'lJ 
psi 
'H 
o 
+' 
til c: 
til QJ 
QJ S H QJ 
+' U 
[J) H 
'dr3 
ri I:; QJ .,-1 
.,-1 QJ 
>-<IX< 
psi 
til 
til 
QJ 
] 
U 
~ 
in. 
Cl 6610 50,000 11.12 
C2 4580 50,000 4.12 
C3 2700 50,000 11.12 
B4 4740 50,000 4.15 
B5 4850 50,000 II. 12 
B6 4890 50,000 
B7 5150 50,000 
4.12 
4.14 
(1
1 
Direction and Spacing 
of Reinforcement 
~ bottom 
sl 
s1 0:2 
52 
5' 2 
deg. in. deg. in. 
o 
° 
° 
o 
-45 
1. 50 
1.50 
1.50 
1.50 
1. 50 
90 
90 
90 
90 
45 
!.:...lli. 
~ 
l.:l12 
1.375 
1.375 
67·5 1·50 -22·5 1·375 
-45 1. 50 45 1. 375 
B8 3700 50,000 4.18 -22.5 1.50 67.5 1.375 
B9 3820 50,000 4.23 -45 ~ 
Bl0 4920 5~ ,000 4. 14 90 1. 50 
Bll 4800 50,000 11.12 -22.5 1.50 
B12 5170 47,600 11.12 -22.5 3.00 
B13 4240 47,900 
B11~ 6040* 4-7.,900 
B15 5260 47,900 
B16 4730 48,300 
B17 5530 50,800 
B18 5040 56,100 
B19 5345 53,100 
B20 5490 51,750 
B21 5180 47,800 
B22 5460 53,750 
4.01 
4.09 
4.09 
4.04 
IL03 
4.08 
4.06 
4.04 
4.03 
4.06 
90 
90 
-45 
90 
-22·5 
-45 
-45 
90 
90 
90 
1. 50 
1·375 
1. 50 
1.375 
1.50 
1.375 
.:!:.:...ill. 
1.375 
1.50 
1. 50 
1. 50 
1.50 
~ 
3·00 
~ 
3·00 
~ 
1.50 
b.2Q 
1.50 
45 1. 375 
o l:....212 
67.5 ~ 
67·5 .:!:.:...ill. 
o 
o 
45 
o 
67·5 
45 
45 
o 
o 
o 
.:!:.:...ill. 
1. 50 
.:!:.:...ill. 
1.50 
1·375 
1. 50 
1. 50 
1.50 
1.375 
1·375 
1·375 
1.375 
2·75 
2·75 
~ 
2. 76 5·5 
5·50 
~ 
5·50 
TABLE 3.1 
PROPERTIES OF SPECIMENS AND TEST RESULTS 
Measured 
Yield 
+' 
c: 
QJ § 
:s.: 
k-in .. 
in. 
5.60 
5.60 
5·50 
5.60 
5·32 
5·20 
(5. 110) 
5.60 
5·00 
3·90 
5·55 
11·50 
2.80 
(\J 
~. 
;:J 
+' 
~ 
~. 
8 
10-5 
in. 
80 
Bo 
75 
75 
131 
100 
lbo 
1;10 
90 
140 
90 
100 
72 
5.20 80 
No definite 
yield point 
5.20 76 
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APPENDIX A 
DESCRIPTION OF EXPERIMENTAL METHODS AND TEST DATA 
A.l Introductory Remarks 
This appendix gives a description of the experimental part of 
the investigation, which consisted of 22 test specimens. It reports 
the properties of the specimens, the test setup, the measurements made, 
and objective observations. 
A.2 Materials 
(a) Cement 
Atlas brand high-early strength cement was used for all 
specimens. 
(b) Aggregates 
Wabash River sand and pea gravel were used for all specimens. 
Both aggregates have been used in this,laooratory for many previous 
investigations and have passed the usual specification tests. The 
maximum size of the gravel was3!8 in. 
The origin of these aggregates is an outwash of the Wisconsin 
glaciation. The major constituents of the gravel were limestone and 
dolomite. The sand consisted mainly of quartz. 
(c) Concrete Mixes 
Mixes were designed by the trial-batch method. Three batches 
were ordinarily used in each specimen. Table A.l lists the proportions 
of the concrete batches used in each specimen along with the slump, 
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compressive strength) splitting strength and age at the time of the 
testing of the specimen. Proportions are in terms of the dry weights 
of gravel and sand. The control cylinders were t.aken from the concrete 
that was placed in the testing area of the test specimens. The test-
ing area could contain one, two or three batches, as indicated in 
Table A.l. The splitting strength was found from tests of 6 by 6-in. 
control cylinders loaded at 9.50 psi per sec. Strips of stiff fiber 
board of 1/8 in. thickness and 1/2 in. width were placed between the 
cylinder and the heads of the testing machine to distribute the load 
evenly along the length of the specimen. The compressive strength was 
determined from tests on 6 by 12-in. control cylinders loaded at 58 psi 
per sec. 
(d) Reinforcement 
Two shipments of No.2 (0.25 in. diameter) deformed reinforcing 
bars were used for this series of twenty-two tests. The first shipment 
was used inspecimensCl through B17, and the second shipment was used 
for all other tests specimens. Both shipments were purchased in 
California from the Triangle Steel and Supply Company and annealed at 
l2000 F for two hours by the Fred A. Snow Company of Chicago (Fig. A.l) . 
The strain in the reinforcement during testing was obtained 
using foil strain gages placed on filed portions of the bars. The re-
duction in area due to filing was measured to be about three percent. 
The reinforcing bars used in specimens B15 through B22 were 
welded at the ends. Tension tests of various types of welds showed 
that the welding had no significant effect on the yield stress or on 
the strain hardening of the reinforcing bars. 
The yield stress, yield strain, and the strain at strain 
hardening listed in Table A.2 were all measured from tension tests per-
formed on a Tinius Olsen testing machine using samples with five-in. 
effective lengths. The strain hardening was determined from the load-
deformation diagrams of tests performed at 0.05 in. per minute strain 
rate, 0.5 in. per minute chart drive, and 6000 pound capacity. These 
diagrams are similar to the dotted curve shown in Fig. A.l. However, 
the elongation as indicated by the chart plots also included the sliIr-· 
ping of the specimen in the grips of the machine. By calculating the 
percent slip on specimens of 5 and 10 in. effective lengths, an actual 
strain of 0.02 was found to correspond to one inch of elongation on the 
flat yielding portion of the load-deformation diagrams. 
During the early stages of testing, Cl·through Bll, the results 
from the tension tests of the reinforcing bars were consistent enough 
to be combined. After Bll, however, slight inconsistencies in the yield 
points forced the adoption of separate tests for the steel used in each 
slab. The yield stresses in the first shipment were quite consistent. 
This may be due to the fact that it was annealed in ten-ft lengths. 
The second shipment, however, was annealed in twenty-ft lengths and a 
significant variation in yield stresses was observed between bundles and 
between ends of a given bundle. To overcome this difficulty, accurate 
records were kept of the steel used in each slab. This helped maintain 
full control of steel characteristics within a given slab. 
A.3 Description of Specimens 
The test specimens were of two types: th~ I Icircularl I test 
specimen designated IIC II and the rectangular test specimen designated IIBII. 
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The thickness of the test specimens was close to 4.12 in. The thickness 
of the specimens was checked by a 0.001 in. dial gage which was fixed to 
a fork provided with levels in two perpendicular directions. The thick-
ness was measured at 15 points evenly spaced within the test area. The 
cross section where the thickness appeared to be minimum was considered 
in the theoretical computations, see Table 3.1. 
The circular test specimen "C" is shown in Fig. 4.20. The 
test area was within the 3-ft diameter circle in the center of the 
specimen. The test element was supported along the 3 ft 6 in. inner 
circle and loaded with downward forces on the 6-ft outer circle. The 
loading area contained six evenly placed slots to minimize the membrane 
forces outside the test area. 
The rectangular test specimen "B" is shown in Fig. 4.19. The 
test area was 3 ft 6 in. by 4 ft for specimens subjected to uniaxial 
bending and 3 ft 6 in. by 6 ft 10 in. for specimens subjected to tor-
sion. The uniaxial moment was introduced as shown in Fig. 4.19, while 
the torsion was introduced through channels clamped at either end of 
the specimen. 
The reinforcement for the individual specimens will be 
described in Section A.8. 
A.4 Casting and Curing 
All concrete was mixed in a nontilting drum-type mixer of 
six cu. ft capacity. A butter mix of one cu.. ft preceded the batches 
used in the test specimen. The total mix quantity was apprOXimately 
11 cu. ft. After a few trials it became evident that mixi~g in three 
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batches would give better results than could be obtained by mixing the 
whole quantity in two batches. The slump of the batches used in the 
test area was determined immediately after mixing. 
The circular test specimens were cast in forms with a plastic-
covered plywood bottom and steel-sheet sides. The rectangular test 
specimens were cast in forms with plastic-covered plywood bottom and 
sides. The ~~ides were replaced by new ones as soon as they appeared to 
be worn. Holes were formed in the specimen for the loading and support-
ing rods to go through by screwing 4 in. pieces of steel pipe (2 in. 
diameter) to the bottom. 
The test area was cast first, and then the loading areas. Three 
6 by l2-in. cylinders were cast from each batch to be used in determining 
the. compressive strength of the concrete; In addition, three 6 by 6-in. 
cylinders were cast from those batches placed in the test area for 
determination of the splitting strength. 
The freshly cast concrete in the test specimen as well as in 
the control cylinders was vibrated with a high frequency internal vibratoro 
The top surfaces of the test specimens were troweled smooth and the cyl-
inders were capped with a paste of neat cement two to four hours after 
casting. The forms for the test specimen were not struck until one day 
before testing. The specimen was covered on the second day after cast-
ing by wet burlap which was removed one or two days before testing. The 
forms of the cylinders were removed after one day and wrapped in wet 
burlap until one or two days before testing. 
The reinforcement was placed in the form before casting. The 
bottom layer was supported by small pieces of steel-rods which provided 
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a minimum concrete cover of 3/8 in. for the reinforcement. The top layers 
of the reinforcement were placed on Ilchairs il that provided the same con-
crete cover at the top as at the bottom. 
A.5 Instrumentation 
(a) Electric Strain Gages on Reinforcement 
Two reinforcing bars in each layer of reinforcement were 
ordinarily instrumented with electric strain gages placed well within 
the test area. The gages used in the first specimens (up to and includ-
ing B4) were Budd Metal Film gages C6-121. The limited capacity of these 
gages to measure strains beyond yielding of the bars was not completely 
satisfactory for this investigation. The following specimens were pro-
vided with HE-lll-GF gages. The Budd gage C6~121 had a nominal gage 
length of 1/8 in. The HE-lll-GF gage had a nominal gage length of 
1/16 in. The surface of the reinforcing bar was prepared for the 
j 
mounting of the gage by grinding down one rib of the deformed bars. 
Then the surface was cleaned using fine emery cloth and acetone. The 
C6-121 gages were mounted using Eastman 910 cement as the bonding 
agent, while the HE-111-6F gages were mounted using Duco cement and 
were Ilbaked ll in an oven at a temperature of 2000 F for two hours. im-
mediately after installation. The lead wires were soldered to the 
gages and insulated with tape before the gages were waterproofed with a 
synthetic rubber coating, IIGagekote #2. II The location of the strain 
gages are shown in the figures describing results. 
(b) Electric Strain Gages on Concrete 
The concrete strains were measured on .the top and bottom 
face of the specimens. The strains were measured with SR-4 Type A3 
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gages which have a nominal gage length of 3/4 in. and a width of 3/8-in. 
This type was used on specimens subjected to isostatic and uniaxial moment. 
For the specimens subjected to torsion, 450 rosette-gages, SR-4, Type AR-
1-8-6, were used. Each element in the rosette gage had the same charac-
teristics as Type A3. The concrete at locations of the strain gages was 
smoothed with fine sand paper and cleaned with compressed air and acetone. 
The .use of compressed air appeared to be particularly effective. A layer 
of Eastman 910 cement was applied to the concrete surface and 6A-lA Accele-
rator to the gage. The gages were pressed against the concrete for 30 
seconds or more during the application process. Most of the gages were 
placed well inside the test area. The location of the strain gages are 
indicated with the presentation of the results. 
(c) Mechanical Dial Gages 
The curvatures of the specimens were measur-ed by -equally spaced 
dial gages on light steel bridges. The larger type of the bridges had 
5 dial gages spaced 7.5 in. apart, while the smaller type bridge had 3 
dial gages 3 in. apart. The dial gages were Federal, Ames, and 8tarret 
gages with 0.001 in. divisions. For the circular specimens two bridges 
of the larger type were used to measure the curvatures in two directions. 
For the specimens subjected to uniaxial moment, the curvatures were 
measured by two bridges in the span direction and one bridge in the 
transverse direction, all bridges being of the larger type. For the 
specimens subjected to torsion, three of the larger bridges were mounted 
in a "rosette" form so that the curvature in any direction could be ob-
tained. The small bridges were welded together into a triangular shape 
for additional measurements in all torsion specimens and a few of the 
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uniaxially bent specimens. The larger bridges were placed under the 
specimens and could not be moved during the testing. The smaller bridges 
could be moved freely on the top surface to the desired location any 
time during the testing period. 
(d) Measurements by Photogrammetry 
An attempt was made to measure curvatures and strains by photo-
grammetry. The procedure and results are briefly described in Appendix 
B. 
A.6 Loading and Supporting Systems 
A special loading and supporting system was constructed for this 
investigation. The main object was to eliminate undue influence from the 
load and the supports during the stage at which the test specimen would 
have significant deformations. In other words, the object was to main-
tain full control of the boundary conditions at all stages of the loading. 
(a) Loading and Supporting System of Specimens Subjected to Uniaxial 
Moment 
Figure A.2 illustrates the system used. The specimens were 
suspended from a 18 by 20-in. steel box beam by two steel rods. All 
the steel hangers were 5/8 in. high strength "Stressteel lJ rods 0 All 
hangers were provided with a convex spherical washer in each end which 
was matched with a corresponding concave spherical setting in the connec-
tion. The two leverarms under the support beam (Fig. A.2) divided the 
load equally between the supports under th~ test specimen. Two other 
,-
identical leverarms transferred and distributed the jack loads to the 
specimen. The leverarms· consi~sted of two channels 6 x 2~ih. (13 lb/ft) 
spaced at 1.875 in~ Bolts with a"l.Oin. hole perpendicular to the bolt 
axis for the hangers were plac~d in the spa~~ bet~een the channels. 
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The bolts were free to rotate. Hence) the loading and supporting system had 
24 hinges) which should provide equally distributed load and support forces 
and should prevent undesirable twisting moments caused by the deformation 
of the specimen. Before loading) the 1.4-kip specimen and equipment could 
easily. be rotated by pushing lightly' up or down on the side of the speci-
men with the fingers. The rotational resistance under partial and full 
load was measured repeatedly by a third set of jack and dynamometer located 
at the side of the specimen. The results showed that the rotational fric-
tion moment was less than three percent of the introduced moment. Al-
though the above magnitude is small) the actual frictional moment was 
apparently significantly lower) because the mentioned three percent re-
sulted from several degrees rotation) and the resisting rotational moment 
appeared to rise with increasing rotation. 
The loads were introduced by two hydraulic jacks connected to 
one common electric pump. The 30-ton jacks were Simplex) Model R315. The 
loads) both at the load and the support locations) were transferred to 
the concrete surface by steel blocks measuring 3 by 20-in. A block was 
stiffened by two 1/2 by 3 by 20-in. steel plates in order to minimize the 
benc:~g. ~he stiffeners can be seen in~Fig. A.2 and A.4. A plate of 1.0 
in. ::-.: c}: hard rubber was placed between' the steel block and the concrete 
surface. A~ large deformations such as those shown in Fig. A.3 and A.4) 
it was ~ecessary to insert wooden wedges between the rubber plate and the 
spe~imen in order to prevent sliding of the shoes. 
(b) Loading and Supporting System of Specimens Subjected to Torsional 
Moment 
Most of the' equipment used for' uniaxially bent specimens was 
also used for torsion specimens. The system can be seen in Fig. A.5 and 
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A.6. Two channels 5 x 1 3/4-in. (6.7 lb/ft) were clamped to either end 
by three 1.0 in. bolts. Hard 1.0 in. thick rubber plates were placed be-
tween the channels and the concrete surface. The specimen was suspended 
at two diagonally opposite corners by hangers which were provided with 
the usual hinged connections in either end. The hinges of the channels 
were also of the same type as those in leverarms used for the uniaxial 
bent specimens. Because of the large deformations, it was necessary to 
provide two Simplex jacks at either loading corner. Even this arrange-
ment had to be reset. Each jack had a 5 in. stroke. The majority of the 
torsion tests had a maximum deflection at any corner that was more than 
20 in. measured relative to a plane passing through the location of the 
other corners of the deflected plate. 
(c) Loading and Supporting System of Specimens Subjected to Isostatic 
Moment 
Figures A.7 and A.8 show the loading and supporting system for I' 
a circular test specimen. The specimen was suspended from the three cor-
i.lerS of a triangular frame placed on top of the 18 by 20-in. beam, Fig. 
A.7. Three leverarms distributed the supporting forces to six steel 
i:, i 
blocks placed in a circle of 3 ft 6 in. di~meter. The blocks were 3 by 
15-in. and formed a hexagon around the test area. The blocks were stiffened 
with two 2 1/2 by 15-in. steel plates, and a one in. thick rubber layer 
was placed between the steel blocks and tne concrete. Three leverarms 
under the specimen transferred the forces ,'from three hydraulic jacks to 
each of the six loading "wings'" along a circle with a 6 ft diameter. The 
load blocks on the wings and the leverarms above the test plate were the 
i 
, ," 
same as those described tor the uniaxially bent~ specimens', while each 
of the leverarms below was made of two 6 x 2-in. channels (13 lb/ft) of 
I 
:-1 
271 
40 in. length. Either end of every high strength steel hanger was hinged 
by means of a spherical washer and setting. The 36 hinges insured an 
even distribution of the applied moment regardless of the deformation of 
the test specimen. The three Simplex jacks were connected to one electric 
pump. 
(d) Load Measurements 
The loads were measured by means of 30,000 lb. capacity dyna-
mometers made for this investigation. The dynamometers were placed be-
tween the jacks and the loading frame constructed of heavy I-10 steel 
sections. The dynamometer essentially consisted of a ring of T-l steel 
located between two steel plates. The ring had a 4 in. diameter with 
respect to its centerline. The cross section of the steel ring was 
0.6 in. in the radial direction and the height was 0.825 in. The ring 
rested on three 3/4-in. steel balis located. between the ring and the 
plate, 1200 apart. Under loading, three other 3/4 in. steel balls 
located between the supporting balls exposed the steel ring to bending 
and torsion. The strains were registered by eight SR-4 Type A7 gages 
evenly distributed around the ring. The strain gages were connected in a 
four arm bridge system and to a Baldwin strain indicator. The calibra-
tion of the dynamometer was in the order of 4 lb. per division. Unfor-
tunately, the calibration curves were not- 'perfectly straight lines. 
Therefore the actual calibration curves were used to graphically convert 
the readings into loads. The ~ynamometers were recalibrated near the 
middle and at the end of the test series. No significant changes were 
observed· 
A.7 Test Procedure 
The yield load was ordinarily reached in 12 to 14 increments, 
and the ultimate load was reached in 20 to 25 increments. Before yielding 
the increments were equal load increments. After :-fielding the increments 
were related to an increase of the curvature of 50 to 100 x 10-5jin. 
Immediately after each increment of load or curvature, the dynamometers 
readings were taken. Thereafter all deflection and strain measurements 
were read and the moment arms for the loads were checked. Photographs for 
photogrammetry were taken at approximately every third increment in the 
first half of the test series, but this number was later reduced. This 
procedure usually took three men five to ten minutes for each test incre-
mente At the completion of the readings, the loads on the dynamometers 
were checked. Cracks usually appeared after three or four load incre-
ments. All the specimens, except one (B13), were loaded to complete 
failure. Specimen B13 manifested exceptional ductility and the testing 
was stopped because of fear of damaging the testing eqUipment. Each test 
took from five to eight hours. Control specimens were tested concurrently 
or immea: 2.": e ly after the test, except for specimen B14, whose control 
specime:-:s ·.,:e~e :,ested three days after the slab specimen. 
A.S Des:~:;~:8~ of the Individual Tests of the Test Series 
~~e ~est results and observations of the individual tests are 
reported in ~his section. A survey of the test specimens, their proper-
. i 
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., 
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(. 
ties and test results. are given in Table }.l. j. :, 
._-j 
The tests will be reported in the following sequence: (a) 
specimens subjected to isostatic moment, (b) specimens subjected to uni-
axial moment, and (c) specimens subjected to tor"sion. 
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(a) Specimens Subjected to Isostatic Moment 
The first series consisted of three specimens subjected to 
isostatic bending. The three specimens had the same reinforcement. The 
reinforcement is shown in Fig. 3.9 and A.9. No.2 (0.25 in. diam.) 
bars were placed in pairs in order to improve the conditions for casting 
and vibration. The first layer of reinforcement had a 3-in. spacing be-
tween pairs and the second layer was spaced at·2.75 in. between the pairs 
of bars. The latter spacing was narrower to compensate for the shorter 
internal moment arm of the second layer. The amount of steel in the first 
layer was approximately one percent of the effective cross section. The 
loading areas or the wings were extra reinforced with u-shaped No. 3 
(3/8 in.) bars (Fig. 3.9 and A.9). The moment capacity was made 50 per-
cent higher in the loading area than in the test area. 
Specimen Cl 
Test specimen Cl was the first test specimen to be tested and 
was a test of the loading and supporting system as well as of the speci-
men. Strain measurements were reduced to a minimum. 
After nine load increments, corresponding to a unit moment of 
1.45 k-in./in., the first cracks appeared 'at the slots. After two more 
load increments, or at a total unit momept of 2.32 k-in./in., the cracks 
were spread over the entire test area. The crack pattern was uniform 
over the test area. The cracks had a tendency to coincide with the 
reinforcing bars (Fig. A.10). The directions of reinforcement coin-
cided with the directions of the coordinate system drawn on the surface. 
The squares of the coordinate system were 4 by 4-in., while the average 
"crack square" was about 3 by 3-in. which c~rresponds, to the reinforcing 
bar spacing. The cracks widened equally over the test area. At the 
corners of the slots, however, the cracks became wider than elsewhere 
in the plate. Figure A.ll shows a close up photograph of this phenomenon. 
Because of the stiffness of the loading wings, the compatibility condi-
tions resulted in a concentration of the curvature in the corner of the 
slot. During this test series, the use of 12 wings instead of six was 
considered in order to reduce the concentration of curvature. It was 
found from this first test, however, that the middle part of the test area 
could be strained far beyond yielding before crushing took place at the 
slots. Within this deformation range a change from 6 to 12 wings was not 
likely to have any effect on the 30-in. diameter middle area where the 
deflection and strain measurements were obtained. 
The theoretical deformed shape of an isotropically reinforced 
element subjected to an isostatic moment is spherical. Such a shape was 
indicated by the readings of the two dial-gage bridges, but even more 
illustrative were the results from the photogrammetry shown in Fig. A.12. 
The contour lines are as circular as can be expected, considering that the 
element after yielding was in a state of near instability in which small 
imperfections might give preference to deformations in one direction. 
Figure A.13 shows the compression side after collapse. Crushing at 
every corner is visible. The crushing was most extensive at the farthest 
wing in the photograph and preceded the collapse of this wing. As seen 
in Fig. 3.9 and A.9, the reinforcement entered the wings at different 
angles. It entered tWG wings parallel to the wings' axes and entered 
the other wings at inclined angles. It is interesting to note that one of 
the latter wings collapsed first, although these should be the stronger 
ones according to the "kinking" theory. 
The dead load moment was computed by calculating,the weight of 
a concrete wing and weighing the loading equipment directly on a scale. 
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The dead load moment of the test area itself was small and was ignored. 
The curvature was measured by the gage bridges mounted from one slot cor-
ner to another (marked with chalk lines in Fig. A.13) so that they crossed 
o 
each other at 60. The moment-curvature ~elationship is shown in Fig. 
A.14. The 2-in. diameter holes in the. plate restricted the magnitude of 
plate deformations and the load had to' be removed while the supporting and 
loading blocks were reset causing the discontinuity of the curve in Fig. A.14o 
The strain measurements on the compression side, shown versus 
the unit moment in Fig. A.15, indicated that the strains on the compression 
side were equal in all directions and the compressive concrete behaved 
approximately linearly elastic up to yield. The compressive strains in 
the center of the element at collapse were nearly 0.15 percent, but since 
the strains at the slot corners were considerably 'higher, the strain read-
ings at the middle give no information of the strain capacity for the 
specimen. 
Specimen C2 
While Cl had an unusually high concrete strength (f' = 6610 psi), 
c 
C2 had a more common concrete strength (f' = 45Bo psi). The first cracks 
c 
were observed at the slots after four load increments and at a unit momentof 
1.13 k-in./in. At the sixth increment, at a unit moment of 1.B9 k-in./in., 
the cracks had spread uniformly over the entire test area. As Fig. 3.8 
and A.16 show, the crack pattern in the test area formed a nearly perfect 
square network. The holes in the plate were made pear-shaped to allow 
greater deformation before the steel hangers touched the concrete. The 
curvature could be increased to several times. that at yield without any 
resetting. The specim~n appeared to be extremely ductile, as is reflected 
by the moment-curvature relationship in Fig.A.1B. The orientation of 
the deflection measurement bridges was changed so that the bridges were 
perpendicular to each other. Thus, the curvatures in Fig. A.18 are the 
averages of the curvatures from the two bridges. The collapse occurred at 
-5 1 
a curvature of 850 x 10 in.- At ultimate load it looked like the speci-
men was going to fail along several lines simultaneously. Finally, crush-
ing took place along two lines as seen in Fig. A.17. (The directions of 
the reinforcement coincided with those of the strain gages.) 
The strain readings shown in Fig. A.19' indicate that the com-
pressive concrete strains were close to 0.3 percent at ultimate load, 
which supports the observation that the entire test area was about to fail 
simultaneously. 
The curvature-strain relationships of Fig. A.20 and A.21 indi-
cate that the steel strains were equal throughout the test area. Beyond 
the yield strain, 173 x 10-5, the readings became unstable and inconsis-
tent, which makes the vertical trend in Fig. A.20"questionable. The con-
stant strain in Fig. A.20 may be due to separation of the gages from the 
steel. Or the vertical curve might indicate that bending took place some-
where outside the area influencing the strain gages. 
Test Specimen C3 
The concrete quality in specimen C3 was reduced to fl = 2700 psio 
c 
Surprisingly, the first cracks at the slots were not observed before the 
fifth load increment at a moment of 1.36 k-in./ino, which is within the 
same range as the cracking moment for specimen C2. Figure A.22a shows 
the crack pattern, a uniformly distributed square grid of approximately 
3 by 3-in. The failure occurred across a root of a wing as shown in Fig. 
A.22b. The directions of the reinforcement coincided with the system lines 
of the strain gages. 
__ i 
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The moment-curvature relationship is shown in Fig. A.23. The 
ductility was significantly less than for specimen C2. EVidently, the 
wings collapsed before the whole ductility was utilized in the testing 
area. The concrete strain readings, Fig. A.24, also indicated that the 
test area was not strained to its capacity. Figure A.25 and A.26 illus-
trate the uniform distribution of the strains of the reinforcement in the 
test area. 
The data from deflection and strain measurements confirmed that 
the test areas in all circular specimens were in a state of isostatic 
bending. It could also be concluded that the ductilities of the test 
areas of Cl and C3 probably were greater than indicated by the measure-
ments. This point appears to be less important as long as the flat 
portion of the moment-curvature relationship of all specimens was ob-
served, and the measured ductility can be assumed to be satisfactory for 
the yield-line theory. 
(b) Specimens Subjected to Uniaxial Moment 
Ten specimens were subjected to uniaxial moment. The concrete 
quality was in the mode~ately high range, from 3500 to 5500 psi. All 
specimens, except B13, were reinforced at one face only. The specimens 
were provided with 50 percent extra reinforcement in the loading zone to 
insure that failure took place in the test area. 
Test Specimen B4 
Specimen B4 was chosen as a "standard
" 
specimen to be used for 
direct comparison with the other speciIIfens without any intermediate 
theoretical computations. The specimen was actually a simple beam with 
tpe effective longitu~inal No.2 (1/4 in.) reinforcing bars in pairs 
spaced at 3 in. For consistency, a second layer of reinforcement was 
placed in the transverse direction with the No.2 bars in pairs spaced at 
2.75 in. Although this layer did not affect the strength of the specimen, 
it appeared to influence the cracking. The crack pattern is shown in Fig. 
3.6a and A.27. The chalk lines indicate the position of the reinforcing 
bars. The average crack spacing was 'approximately equal to the spacing of 
the reinforcement. 
This specimen possessed very high ductility. When the slopes of 
the ends of the plate reached about 100 , the loading blocks began to slide 
and the moment arm of the loads were difficult to' measure accurately. 
The high ductility is illustrated in Fig. A.28 and A.29. The latter re-
flects the irregularities caused by the sliding of the loading blocks 
which started at a curvature of 500 x 10-5in .- l . It is interesting to 
note that the maximum compressive strains (Fig. A.30) were only slightly 
higher than those of the circular specimen C2. The transverse strains, 
plotted in Fig. A.31, appeared to rise rapidly before cracking and hard-
ly showed any increase between cracking and yielding. This pattern, 
which is contrary to that of the compressive longitudinal stresses, is 
difficult to explain by Poisson's ratio. The transverse strains should 
also be reflected by the strain gages on the transverse bars given in 
Fig. A.53. As this is not the case, it may be concluded that the strain 
readings for small .strains at the order of 5 x 10-5 were unreliable. The 
strain readings from the longitudinal reinforcing bars in Fig. A.32-show 
a consistent trend with a minimum scatter up to yielding. In order to 
evaluate the strains beyond yielding, the steel strains are compared with 
the curvature in Fig. A.34 and A.55. ·As it is seen, the readings beyond 
yield were poor. Conseque~tly, it was decided to replace ~he gages of 
Type C6-121 with Type HE-lll-GF. 
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Specimen B5 
Specimen B5 was the first specimen in which bond problems with 
the reinforcment were encountered. The reinforcing bars were at an angle 
of 45 0 with the longitudinal axis as shown in Fig. A.36. It was decided 
to test two specimens with inclined reinforcement without any special 
arrangement for increasing the bond at the end of the bars. The behavior 
of the specimen under loading was as expected up to a load close to the 
predicted yield load. Cracking began between 1.0 and 2.0 k-in./in. 
applied moment, and the cracks spread uniformly over the test area. At 
a moment of 5.0 k-in./in., the curvature suddenly concentrated at either 
side of the test area as shown in Fig. A.37. The concrete popped up, 
lifted by the reinforcing bars as seen in Fig. A.38. Some of the bars 
may have lost all bond with the concrete over a considerable length.' 
The resisting moment dropped off and the middle part that had had a 
smooth curve became nearly straight again, as is shown by the photograph 
in Fig. A.39. 
The effective width of an element was considered to correspond 
to the cross section in the test area which had the least number of bars 
crossing it. This consideration allowed the bars a 2 to 3 in. anchorage 
length in either end. 
The moment-curvature relationship in Fig. A.40 supports the 
description above. It should be noted that the measurement bridge did 
not register the concentrated curvature (Fig. A.39). The transverse 
concrete strains on the compression side (Fig.A.41) show a definite 
trend of the effect of the resulting transverse forces introduced by 
the inclined reinforcement (and Poisson I s ratio, which,' ~ppeared to play 
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a minor role). Figure A.42 indicates that the longitudinal compressive 
strains in the middle part of the specimen reached only 125 x 10-5 
before failure. From the steel strains, Fig. A.43, it can be concluded 
that the specimen was close to yield; some of the bars reached yield 
and some were close to yielding. 
Specimen B6 
Specimen B6 had the same reinforcement as the previous speci-
o 
mens (Cl-B5), but the directions of the reinforcement were at 22.5 and 
67.5 0 to the longitudinal axis as shown in Fig. A.44. This arrangement 
gave the more important layer of reinforcing bars an anchorage length 
of up to 6 in., and the element possessed some ductility as expressed 
by the moment-curvature relationship in Fig. A.46. The cracks deviated 
some from the transverse direction indicating the dominant role of the 
reinforcing bars at 22.5 0 to the longitudinal direction (Fig. A.45a). 
The failure appeared to be a bond failure with scaling of the concrete 
cover as shown in Fig. A.45b. The compressive concrete strain reached 
about 50 percent of the concrete strain capacity, Fig •. A.47. Figure 
A.49 is an interesting picture of the strains in the two directions 
of reinforcement. The effect of the layer at 67.5 0 is surprisingly 
high, but may be explained by the inclined crack pattern shown in 
Fig. A.45a where the cracks deviated about 100 from the transverse 
direction in such a way as to increase the stresses in the layer which 
was stressed less. 
Specimen B7 
Test B7 was a repetition of B5 except that each reinforcing 
bar was provided with a double hook in either end and the.'pairs of 
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reinforcing bars were split so that the spacing was reduced by one-half. 
The hooks may be seen in the photograph in Fig. A.50. The effectiveness 
of the hooks may be best illustrated by the side view at ultimate load 
in Fig. A.52a and b and by the moment-curvature relationship shown in 
Fig. A. 55. 
The crack spacing appeared to be smaller in cases where the 
directions of the reinforcement were different than those of the principal 
moments. In Fig. A.51 the distances between the coordinate points are 5 
in., and several cracks can be observed between two points. There was a 
striking difference between the crack spacing in this specimen and speci-
mens with the reinforcing bars in the longitudinal and transverse direction 
(B4 and B10). Hence, this indicates that formulae which predict crack 
width and crack spacing for beams can hardly be applied to slabs. 
An interesting phenomenon was the large transverse force 
introduced by the reinforcement. Before the ultimate load was reached, 
the transverse force began to crush the concrete on the sides, Fig. A.52b. 
The corresponding moment cause~ wide longitudinal cracks in the compression 
side of t~e specimen, Fig. A. 54. At ul tim-:ate load the transverse forces 
seemec ~c sp~it the concrete as is seen in Fig. A.53. 
~~e closely cracked surface caused the concrete strain readings 
to sca~~e~ ~8re than usual. The plotted results in Fig. A.56 reflect, 
however, ~he high transverse compressive strains in the side where the 
reinforcement was located. The corresponding tensile strains in the 
opposite ~ide are plotted in Fig. A.58. "It should be noted that longi-
tudinal compressive strains were read beyond 450 x 10-5 (Fig. A.59). 
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The effectiveness of the hooks of the reinforcing bars were 
checked by several strain gages. From equilibrium, the forces in the very 
end of the bar should be one-half of the stress at some distance from the 
edge, provided the bond is complete. Thus Fig. A.60 indicates that the 
bond was satisfactory. Large-deformation strain gages of type HE-lll-
GF were located on the steel in order to measure deformations beyond 
yield, but the results in Fig. A.61 and A.62 show that the new gages did 
not improve the large-deformation measurements significantly. 
Specimen B8 
Specimen B8 had isotropic reinforcement, No.2 bars (0.25 in. 
diam.) spaced at 1.5 in. in the first layer and at 1.375 in. in the 
second layer. The bars had double hooks at either end as for B7 and all 
the following specimens subjected to uniaxial bending, Fig. A.63. The 
reinforcement directions were at 22.5 0 and 67.5° to the span direction. 
It was interesting to observe the development of the crack 
pattern. The cracks appeared and spread over the test are~ perpendicular 
to the direction of the span. With application of further load, the 
cracks began to combine in a direction so as to avoid the more effective 
reinforcement at 22.5 0 to the span. After first yielding, however, the 
force in the bars at 22.5° in the span was gradually less dominating and 
the yield lines eventually become approximately perpendicular to the span. 
The yield lines can be seen distinctly in Fig. 3.6c, while traces of 'some 
of the "rotated" cracks are also visible. The longitudinal cracks on 
the compression side in Fig. A.64 indicate strong transverse forces from 
the reinforcement in this case also, but while the strain readings in the 
transverse direction on the'tension side are scattered, th~'readings on 
the compression side show the expected trend (Fig. A.66 and A.68). 
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Specimen B9 
Specimen B9 was the first specimen with nonisotropic reinforce-, 
ment, Fig. A.72. The first layer of No.2 bars was spaced at 3 in.; the 
second layer at 1.375 in. After the cracks were initiated perpendicular 
to the span direction, the direction of the cracks gradually rotated with 
increasing load until yielding of the reinforcement took place. The 
final yield line direction is shown in Fig. 6.3 and A.73. This rotation 
o 
of about 18 required a substantial twisting moment along the yield 
line because there was no external twisting moment. The presence of 
an internal twisting moment is supported by the photographs in Fig. 
A.74 and A.75. There was a difference in steel strains in the two layers 
as shown in Fig. A.81, where gages 23 and 24 represent the first (weak) 
layer and gages 27 and 28 represent the second layer. At first yield, 
the strains in the first layer were approximately 50 percent higher 
than those in the second layer, which theoretically corresponds to a 
o 
rotation of the crack by 6 from the transverse direction. After full 
yielding had taken place, the strains for gages 23, 24, 27 and 28 were 
0.01139, 0.01397, 0.00215 and 0.00281, which theoretically corresponds 
to a rotation of approximately 200 • That most of the rotation took 
place after the first yield was supported by direct observations. 
Specimen B10 
Specimen B10 was the second "standard
" 
specimen. The second 
layer was the more effective layer. The reinforcement was isotropic. 
For consistency the bars were spread out· and provided with hooks in 
either end, Fig. A.82. The crack-spacing averaged about 1.5 in., which 
was also the spacing for the transverse reinforcement.:. Figure A. 84 shows 
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the compression side after failure. The wooden wedges under the loading 
o 
and supporting blocks shown in Fig. A.85 had a slope of 12 and were in-
o 
serted when the slope of the load area exceeded 7.5. The load had to be 
taken off in order to insert the wedges, which explains the irregularity 
in the moment-curvature curve in Fig. A.86. The strain readings are 
shown in Fig. A.87-A.9l. 
Specimen Bll 
Specimen Bll had nonisotropic reinforcement. The first layer 
of No.2 bars were spaced at 1.5 in. and were at an angle of 22.5 0 with 
the direction of the span (Fig. A.92). The second layer of bars were 
o 
spaced 2.75 in. apart and were at 67.5 to the span direction. The 
development of the cracks and yield lines were similar to that of B9. 
The yield lines and the crushing zone are shown in Fig. 6.4a and b. 
Because of the twisting of the specimen caused by the noniso-
tropic reinforcement (Fig. A.93), the principal concrete strains no 
longer were in the longitudinal and transverse direction,_and 45 0 rosette 
gages were used. The results are shown in Fig. A.95-A.100. The gages 
on the rein:'crcement near the ends of the bars should not be considered 
as being representative of the average steel strains in the test area 
(Fig. A.lei a:-:.d A.102). Because of the waterproofing that covered the 
gage and the gage's environment, the bond between the hook and a gage 
placed 2-3 in. from it may be assumed to be very small. Therefore, the 
results of the end gages may be assumed to be indicative of the hook 
stresses. 
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Sp e c imen Bl2 
This third specimen with nonisotropic reinforcement had the same 
amount and distribution of reinforcement as the preceding specimens B9 
o 
and Ell, but the heavier layer was placed at an angle of 67c5 to the 
span dire,ction, Fig. A.I03. The yield-line pattern is shown in Figc 605 
and Fig.· A.I04. Although the rotation of the yield lines was one-half 
of that in either B9 or BII, the specimen had a significant twisting 
deformation, as can be seen in Fig. A.I06. The moment-curvature rela-
tionship in Fig. A.I07 and the steel strains in Fig. A.114 and A.115 
indicate that the heavier layer of reinforcement played a minor role 
at the first yielding of the reinforcements but became more effective 
with increasing curvature. 
Specimen Bl3 
Test specimen Bl3 was a "standard" specimen, isotropically 
reinforced in the top and bottom, Fig. A.116. The crack pattern shown 
in Fig. A.117 was similar to that of BIO,. as would be expected. The 
specimen posse~sed very high ductility, as is indicated in Figc A.4, 
and was the only specimen that was not loaded to complete failure. The 
moment-curvature and strain readings are shown in Fig. A.118 through 
A.123· 
Specimens Subjected to Torsion 
Because a torsional moment produces tensile stresses in both top 
\ 
and bottom sides of an element, all torsional test specimens were provided 
wi th rei~nforcement repeated in the top and bottom faces. Since a torsional 
specimen has no "tension" side, "compression" side, or "span" dire~tion, 
the locations and directions have been defined as follows: The references 
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to t?P and bottom of the specimens are with respect to their position 
during the test. The longitudinal or the x-direction coincides with the 
longer sides of the specimen, while the transverse or y-direction is 
parallel to the shorter sides. The reinforcement layers are counted from 
top to bottom. Nine specimens were tested in torsion, seven isotropical-
ly reinforced and two reinforced nonisotropically. The effective widths 
of the specimens were computed assuming the yield line would appear 
along a section that avoided reinforcing bars at the edge as much as 
possible o 
Specimen B14 
The isotropic reinforcement is shown in Fig. A.124. The 
directions of the reinforcement were in the longitudinal and transverse 
directions, that is, 45 0 to the applied principal moments. 
Specimens B14 and B15 were tested with particular attention to 
the edge problems. Because the directions of the edges do not coincide 
with one of the principal moments, a concentrated shear force (called a 
!!nodal!! force in the yield line theory) trying to rip the plate from the 
edge will occur at the edge. Even though all bars were doubly hooked 
at both ends, the shear force cracked the side between the vertical 
hooks and ripped the plate as shown in Fig. A.125. The edge failure 
occurred immediately before yielding as the moment-curvature plot in Fig. 
A.126 indicates. The strain readings are plotted in Fig. A.127 through 
A.134. 
Specimen B15 
Specimen B15 had the same reinforcement as B14 except that it 
o 
was rotated 45 to the longitudinal axis, as is shown in Fi.g. A.135o 
It was difficult to decide whether the edge failure in the preceding test 
was due to bond failure or a pure shear failure. To prevent bond failure 
all reinforcement was welded together in this specimen. Tests of welded 
bars in a testing machine revealed no change in the stress-strain relation-
ship for the bars. The welding led to a definite improvement in slab per-
formance. As indicated by the moment-curvature relationship in Fig. A.138, 
the element reached yield and possessed a ductility corresponding to a 
deformation three times that at yielding. Figures A.145 and A.146 show 
that the tension reinforcement was strained well beyond the yield point. 
Still the failure seemed to be due to an edge failure, and this time it 
appeared to be a definite shear failure (Fig. A.137a and b). 
Specimen B16 
The reinforcement in B16, shown in Fig. A.147a, was equal to 
that of B14, but the details at the edge were handled differently. As 
may seem from Fig. A.147b, the reinforcing bars were welded to No.2 
vertical bars 3.75 in. long. To take the shear, No.3 (0.375 in. diam.) 
bars inclined 45 0 were welded to the reinforcement. No extra Ilmoment il 
reinforcement was added, but two bars in either side were moved towards 
the shear reinforcement to provide. a connection. This solution appeared 
to be satisfactory. Figure A.148a shows the specimen under ultimate 
load with the edge still intact. 
The moment-curvature relationship, Fig. A.149, indicates that 
the element was I loverreinforcedl I or· at the 11balance l! point. The crushing 
of the top face, Fig. A.148a, supported this impression. The concrete 
compressive strains plotted in Fig.·A.154 increased very rapidly after 
cracking, but, because-of an increasing number of cracks, the strain 
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readings became unreliable before the assumed crushing strain of the con-
crete was reached. Figures A.156 and A.157 show that the steel strains 
barely reached the yield strain. This may be even more emphasized by 
the plotted curvature-strain relationship in Fig. A.158 and A.159. 
Therefore, the slab element may be assumed to have been precisely at 
the "balance" point under the gi ven conditions 
Specimen Bl 7 
o Specimen B17 had isotropic reinforcement placed at 22.5 and 
67.5 0 to the longitudinal direction (Fig. A.16o). The arrangement of the 
reinforcement at the edges of B16 as shown in Fig. A.147bwas retained. for 
the remaining specimens of the test series. The moment-curvature rela-
tionship, Fig. A.163, 'Shows that B17 possessed extensive ductility. 
There was no distinct yield pOint. The reason for the absence of a 
distinct yield point may be explained by studying the steel strains in 
Figo A.170-A.173. The less effective bars, which started out in com-
pression, were gradually strained in tension and finally .these bars 
approached the yield point at very large slab deformations. 
At the last stage before collapse, bending in one direction 
became dominant. Figure A.16la shows that the compressive stresses in 
the top face almost eliminated the yield lines in the perpendicular 
direction, while Fig. A.16lb shows how the tension lines were dominating 
in the bottom face. 
Specimen B18 
o -
The reinforcement was inclined 45 ·to the longitudinal axis 
and was the same as for B15 (Fig. A.135) with the e~ception of the 
details at the edges. The 'behavior of the element. indicated clearly 
i 
I 
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that the element was underreinforced. The yield lines were at 45 0 to the 
longitudinal axis and were very wide before the crushing appeared on the 
oppoSite. side, see Fig. A.174 and A.175. The moment-curvature relation-
ships are shown in Fig. A.176. The ductility presented by this curve 
refers to the curvature of the middle 25 in. of the test area. After 
yielding the curvature began to concentrate along the line that later 
turned into the crushing line shown in Fig. A.174. This concentration 
of the curvature after yielding is also demonstrated by the curvature-
steel strain relationship plotted in FLg. A.185 and A.186. 
Specimen B19 
Specimen B19 had isotropic reinforcement in top and bottom 
inclined 45 0 to the longitudinal axes. The spacing of the reinforcing 
bars was 3 in. in the first and fourth layers and 2.75 in. in the second 
and third layers, Fig. A.187. The shear reinforcement at the edge was 
reduced to one-half of that in the preceding test specimens. At a princi-
pal curvature of 500 x 10-5 , the shear reinforcement broke in a weld~ 
The weld appeared to have about one-half the cross section that it should 
have had. The failure of the weld indicates that the shear reinforcement 
was stressed considerably. The connection was rewelded and the testing 
continued. Figure A.190 shows the location of the broken shear reinforce-
ment. 
Specimen B20 
Specimen B20 had the same reinforcement as B19, but with the 
reinforcing bars in the longitudinal and transverse direction. The 
reinforcement is shown in Fig. A.200 and A.20l. Figure A.202 shows the 
yield lines at 45 0 and Fig. A.203 illustrates the amo~nt of the twisting 
of the element. The moment-curvature relationship is given in Fig. A.204. 
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Specimen B20 was similar to B1S With exception of the amount of reinforce-
mentn The behavior of the two specimens again supports the idea that B1S 
had a I 'balanced" amount of reinforcement while B20 was underreinforced. 
This is also supported by the strain readings given in Fig. A.205 through 
A.214. 
Specimen B21 
The test series was concluded with two nonisotropically reinforced 
specimens. According to the theory derived in this investigation, the 
difference between the nonisotropic and the isotropic cases will not be 
significant until the ratio of the amount of the reinforcement in the two 
directions is 0.30 or lower. In this investigation the reinforcement was 
reduced in the longitudinal direction to one fourth of that used in the 
transverse direction" as shown in Fig. A. 215. The moment-curvature 
relationship (Fig. A.219) was similar to that of B20" but the final yield 
o line deviated 15-1S from the direction of the principal moment~ which 
was at 45 0 to the longitudinal direction. The line of crushed concrete 
can be seen in Fig. A.216. The open yield lines occurring in the 
.=:=", 
opposite side are shown in Fig. A.217. Two "setsl' of cracks may be seen: 
(1) the cracks that appeared at the first cracking at 45 0 to the vertical 
in the photograph" and (2) the. final yield lines that are partly former 
cracks and partly lines "leaping" from one crack to another which finally 
resulted in the yield lines deviating15-1S0 from the initial crack' 
direction. 
Specimen B22 
Specimen B22 was a repetition of B21 except for one detail 
concerning the .. consideration of the dead load moment. It is evident 
j: .... i., .. , .. 
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that the dead load moment introduces a uniaxial moment component in the 
torsi on specimen. Thus, the torsion test was not a "pure torsi on t.est ll , 
although it was not possible to observe the effect of the comparatively 
small dead load even at the stage of the cracking. The cracks formed at 
o 45 to the longitudinal axis as if no uniaxial moment component were 
present. Most of the torsion specimens failed by crushing of the con-
crete on the top surface, a bias possibly introduced by the dead load 
moment. But even then, not all failed in this manner. In computation of 
the applied moment, the dead load moment was taken into account by adding 
its 45 0 component to the torsional moment. 
From the theory derived in the text, the resistance against 
torsion is not higher than that provided by the "weakest sidell of the 
element. It should therefore be possible to I 'overreinforce' I the bottom 
side and let it take care of the dead load moment. Thus, the top layer 
would determine the torsional resistance. The dead load moment in B22 
required approximately the strength of 1.5 longitudinal bars. Therefore, 
two extra bars were placed in the bottom of specimen"B22 as may be seen 
in Fig. A.228. In this test the applied moment was not considered to in-
clude the dead load and the comparison between the computed and measured 
moment supports the assumption that the dead load was taken care of in 
this way. The results also support the idea that the torsional resistance 
cannot be increased by strengthening one side only. The yield-.line 
pattern is shown in Fig. 6.6b, and the moment.:.curvature relationship is 
shown in Fig. A.230. The relatively high moment is due to a higher yield-
ing stress in the reinforcement, see Table 3.1. The strain readings are 
plotted in Fig. A.231.through A.238. 
TABLE A.l 
PROPERTIES OF CONCRETE MIXES 
Compressive Splitting Age 
Strength, fl Strength, f t C:S:G Water Slwnp at Mark . c by weight Cement in. Test PSl PSl 
~Batch~ 1 2 3 1 2 3 1 2 3 Days 
Cl 6610 1:2.8 :3.1 0.68 3.2,3.5,--- 25 
C2 4580 407 1:2.8:3.1 0.68 3.0,---,--- 8 
C3 2700 216 1:3·9:4·3 0·92 1·5,---,--- 7 
B4 4250 5225 329 406 1:2.8:3·1 0.68 2.0,2·5,--- 8 
B5 4790 4910 281 269 1:2.8:3·1 0.68 1·5,2.25,-- 9 
B6 4895 4895 377 362 1:2.8:3·1 0.68 ---,---,--- 8 
B7 5220 5025 1:2·7:3·0 0.67 2.0,3·0,--- 7 
B8 3635 3805 328 333 1:2·7:3·0 0.67 3·0,3·0,--- 7 
B9 4050 3595 370 396 1:2·7:3·0 0.67 3·0,3·0,--- 7 I\) 
Bl0 4790 5040 369 349 1:2·7:3·0 0.67 5·0,3·5,--- 7 \D I\) 
Bl1 4850 4740 '403 389 1:2·7:3·0 0.67 2.0,2·5,--- 7 
B12 5310 5040 370 350 1:2·7:3·0 0.67 3. 0,4.0,--- 7 
B13 3910 4575 326 381 1:2·7:3·0 0.67 5·5,6.0,--- 7 
B14 6075 6000 360 359 1:2·7:3·0 0.67 3·5,3·5,--- 10 
B15 5475 5040 338 357 1:2·7:3·0 0.67 4.0,4.0,--- 7 
B16 4925 4545 307 324 1:2·7:3·0 0.67 5.5,6.5,--- 7 
.... B17 5920 5265 4875 379 356 1:2·7:3·0 0.67 4·5,5.0,--- 7 
B18 5210 4855 5055 400 351 1:2·7:3·0 0.67 4.0,6.5,6.5 7 
B19 5465 4975 5595 407 313 1:2·7:3·0 0.67 4.5,6.5,5.0 8 
B20 5225 5830 5405 313 419 1:2·7:3·0 0.67 2·5,5·5,5·5 9 
B21 5500 5205 4830 371 403 1:2·7:3·0 0.67 3. 0,6.0,6.0 8 
B22 5760 5300 5300 418 432 1:2·7:3·0 0.67 1·5,1·5,6.5 7 
L._~: l' . ,;'1 
_J.--!.. ... (-.~-.; !i:IT .. ~>: ...... ; 
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TABLE A.2 
STEEL PROPERTIES 
No.2 (0025 ino diamo) Deformed Reinforcing Bars 
Average Average Strain at 
Test Yield Yield Strain Comments 
Stress Strain Hardening 
psi (E = 29 x 106pSi) 
Bl-Bll 50,000 1072 x 10-3 0020 
B12 47,600 1.64 x 10-3 0020 
B13 47,900 1065 x 10-3 .020 First 
x 10-3 
Shipment 
B14 47,900 1.65 0020 
B15 47,900 1.65 x 10-3 .020 
B16 48,300 1.67 x 10-3 0020 
B17 50,800 1.75 x 10-3 .020 Welded 
B18 56,100 1·93 x.l0-3 0023 
B19 53,100 1.83 x 10-3 .023 Second 
x 10-3 
Shipment 
B20 51,750 1·78 .. 023 
B21 47,800 1.65 x 10-3 0023 
B22 53,750 1.83 x 10-3 0023 
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FIG. A.3 SPECIMEN (B4) SUBJECTED TO UNIAXIAL MOMENT 
FIG. A.4 SPECIMEN (B13) SUBJECTED TO UNIAXIAL MOMENT 
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FIG. A.S SPECIMEN (B16) SUBJECTED TO TORSION 
FIG. A.6 SPECIMEN (B22) SUBJECTED TO TORSION 
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FIG. A.7 CIRCULAR SPECIMEN (C2) SUBJECTED TO ISOSTATIC MOMENT 
FIG. A.8 CIRCULAR SPECIMEN (C2) SIDE VIEW 
r-
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FIG. A.9 REINFORCEMENT IN SPECIMEN C1 
FIG. A.10 CRACK PATTERN IN TOP SURFACE OF C1 
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FIG. A.16 CRACK PATTERN IN TOP SURFACE OF C2 
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~ Top Surface of C3 
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FIG. A.36 REINFORCEMENT IN SPECIMEN 85 
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FIG. A.38 CLOSE-UP OF B5 
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a Crack Pattern in Top Surface of 86 
b Close-up of Top Surface of 86 
FIG. A.45 CRACK PATTERN OF SPECIMEN 86 
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FIG. A.50 REINFORCEMENT IN SPECIMEN 87 
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FIG. A.53 END VIEW OF B7 
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APPENDIX B 
THE USE OF PHOTOGRAMMETRY IN ~[,HE EXPERIMENTAL INVESTIGATION 
B.l Introductory Remarks 
During the planning stages of the investigation, it was deemed 
desirable to obtain a well defined record of the deflected shape of the 
slabs. The use of deflection dials for this purpose would be impractical. 
Consequently, two alternate methods were considered: electronic profile 
plotters and photogrammetry. 
Preliminary trials with photogrammetry were interpreted by the 
staff of the surveying laboratory with the result that a standard 
deviation of 0.1 mm (0.004 in.) could be expected in the measurements. 
Since this was a tolerable error and since the measurement technique was 
simple, photogrammetry was chosen as the method of measurement. Sub-
sequently, various direct checks were made of the accuracy of the 
photogrammetric method. The implementation and evaluation of the 
photogrammetric method for measuring deflections in the laboratory is 
discussed in this appendix. 
The notation used in this appendix is independent of that used 
in the text (and Appendix C). 
B.2 Method of Application 
The surface of the slab facing the photogrammetr~c camera was 
provided with a grid. This grid consisted of squares 4 by 4-in. for the 
circular specimens and 5 by 5-in. for the rectangular specimens. The total 
dimensions of the grid were such that the testing area was completely 
covered. The grid was drawn using a pencil and a straight edge, and 
the intersection of the·lines were marked with black ink. And a white 
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paper I Ireinforcement-ringl I of ab'out 5/8 in. external diameter and 1/4 in. 
internal diameter was placed on each point in order to make the inter-
sections of the grid more distinct. Furthermore, each point on the grid 
was provided with an identification number. A matrix array was found to 
be the most suitable for this purpose. 
The photogrammetric camera was set in place on top of a rigid 
steel beam (18 x 20-in.) which was part of the loading frame. The 
photogrammetric camera was secured to the steel beam by means of a 
wooden box which minimized any movement of the camera during its opera-
tion. The photogrammetric ca~era was placed so that its base axis was 
parallel to the plane of the slab and the camera directions were perpen-
dicular to the slab. 
B.3 Characteristics of the Photogrammetric Camera 
The camera was a Wild Stereo camera with a base length of 
120 cm. and a negative size of 6.5 by 9-cm. The lens had a constant or 
focal length of about 9 cm. The camera was ideally focus~d for 6 m. 
The depth of focus could be extended by use of a small aperture. The 
cameras were perpendicular to the base. On the back of the camera were 
mounted the adjustments for exposure time, the diaphragm opening and the 
device for winding the shutte,r. Both cameras were operated simultaneous- : - \ 
f' : •. \ 
~~j 
ly. The diaphragms could be varied between 1: 12 and 1 :36. The exposure, 
was performed simultaneously for both cameras by means of a cord re-
lease. In this investigation" the, stereo camera was mounted on the 
:l 
tripod for use with the circular specimens and mounted on th~ loading 
: "I, 
frame for the rectangular specimens. 'I 
, 1 
.: i 
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B.4 Geometry of the Solution 
Photographs of the slab surface were taken at different stages 
of loading. These photographs were interpreted in sets of two in the 
Wild Stereocomparator (23) which was connected to a typewriter and an 
IBM key-punch machine to provide written and punched output. 
The principles on which the interpretation of these pictures 
is based are the following: 
x, Y, Z system of axes whose origin is the left camera 
system of axes whose origin is the center of the 
left glass plate 
Xii, yll system of axes whose origin is the center of the 
right glass plate 
XI, yl, ZI system of axes whose origin is a point in the 
surface of the concrete slab 
b distance between the cameras = 1200 rom 
c distance from glass plate to lens = 91mm 
Xi_Xii horizontal parallax = p 
Referring to triangles OBC and POlO in Fig. B.l 
Z 
or because_xl-xii = p 
Z = 
From triangles OAC and ORP 
bc 
Xi_Xii 
bc 
P 
c 
Z 
(B.l) 
(B.2) 
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or 
X 
ZXI bx
' 
c p (B.4 ) 
From triangles OCD and OPQ 
~ c y Z 
y z ~ by' by" 
c P P 
(B.6) 
The cartesian coordinates X, Y, Z of a general point P derived above are 
referred to the origin 0 which coincides with the location of the left 
camera. 
However, any disturbance of the original position of the 
camera during its operation would introduce undesirable errors in the 
determination of the coordinates of each point on the slab. Furthermore, 
the motion of the slab does not allow for any fixed system or coordinates 
throughout the complete duration of the test. 
This condition was solved by using a system of cartesian 
coordinates which would move together with the specimen being tested. 
This was accomplished by transforming the coordinates measured 
with respect to the camera position to a new system whose origin is a 
point on the concrete slab and whose XY plane is a plane passing through 
three points on the concrete slab and its Z axis is always perpend~cular 
to this plane. In this way any over-all motion of the concrete plate 
was taken care of. 
B.5 Transformation of Coordinates 
.. ··1 
I 
Let us take these particular points A, Band C on the slab .:J 
surface and a general point·' P as shown in Fig. B. 2. 
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The coordinates of a point P with respect to the original system of axes 
are X , Y , Z. The direction cosines of any line with respect to the p p p 
original system of axes are £ , m , n. The coordinates of a point P 
a a a 
with respect to the new system of axes are XI yl ZI and the direc-p' p' p' 
tion cosines are L , M , N . 
a a a 
From the relations above, the following can be stated: 
Line/Axis X Y Z LineLAxis XI yl ZI 
1 £1 ml nl 1 1 0 0 
2 £2 m2 n2 2 L2 M2 0 
3 £3 m3 n3 3 L3 M3 N3 
Direction cosines Direction cosines 
Original System of Axes New System of Axes 
The direction cosines of lines 1, 2, and 3 in Fig. B.2 can be computed 
without difficulty in the original system. In the new system they are 
evaluated using simple trigonometric relations 
(B.B) 
The sign of M2 is determined by considering the direction of the resultant 
cross product of unit vectors in the direction AB and AG in both systems 
si gn of M = AB x AG 
2 AIBI x AlGI 
(B·9) 
In a similar way we can evaluate 
(B.10) 
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(B.ll) 
(B.12) 
Sign of N3: The direction of the Z axis in the original system is given 
by the cross product of unit vectors in the directions of AB and AC. 
Call C = AB x AC (B .13) 
The unit vector in the direction of P in the same system is 
(B.14) 
If C.P is positive) then P and the vector C go in the same 
direction. If C.P is negative) then C and P go in opposite directions. 
Therefore the sign of N3 is given by the scalar product of unit 
vectors C.P. 
The new coordinates XI Y' and ZI are determined as p) p p 
Y' = DM P 3 
ZI = DN 
P 3 (B.15) 
Where 13 ) M3 and N3 are determined by Eq. B.10 - B.12 and 
(B.16) 
B.6 Evaluation of the Accuracy Involved 
In order to have a good estimate of curvatures) the deflections 
obtained should be as accurate as possible. This means that the error in 
the Z coordinate should be maintained to a minimum. 
From Eq. B.2 
log Z = ~og b + log c - log p 
I 
I ; 
! 
I·, i 
dZ 
Z 
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db dc 
b + c (B.18) 
which means that the error dZ in the deflection is the sum of the errors 
due to the error in the distance between cameras b, the camera constant 
c, and the 'horizontal parallax po 
The errors db and dc can be minimized because they depend on 
the accuracy of the dimensions ,of the photogranunetric camera. These 
dimensions are supplied by the manufacturers and can, for practical 
purposes, be neglected for this particular case. Hence, the error 
considered is introduced by the readings of the horizontal parallax p. 
Since this error can be positive or negative, its absolute value will be 
introduced in Eq. B.18 
dZ Z dp 
P 
(B.19) 
The sensitivity of the stereo-comparator is .001 mID, however 
an over-all error in horizontal parallax of .01 nun is to be expected 
(23). The error in the measurement of the horizontal parallax p can be 
due to the following reasons: 
(a) orientation of the glass plates on the stereo-comparator 
at the time that the readings are taken 
(b) operational resolution 
(c) observational errors 
(d) deformation in the image material 
(e) distortion errors due to the properties of the material 
of the glass plates 
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In the computer program written for the solution of this 
problem, provisions were made to reorientate the coordinate system in 
order to minimize error (a)) and double precision calculations were used 
to minimize error (b). 
Error (c) depends mainly on reading techniques) equipment used 
for the readings) quality of the pictures) sensitivity of the human eye) 
and experience of the observer. 
Errors (d) and (e) depend on the photographic equipment and 
the type of material used in the negatives. 
For these characteristics of the photogrammetric camera and 
its distance from the reinforced concrete slab) the error· dZ can be 
calculated: 
b 1200 mm 
c 91 mm 
dp .01 mm 
Z 2900 mm (torsion and circular tests) 
Z 2700 mm (uniaxial bending) 
Torsion and Circular Tests 
dZ = (2900)2 .01 
1200 x 91 0.77 mm (B.20) 
Uniaxial Bending Tests 
dZ (2700)2 .01 1200 x 91 0.67 mm (B.21) 
B.7 Direct Measurements on the Concrete Plate 
The error in deflections was computed by evaluating the error 
in the distance between t~o points on the surface of the concrete plate. 
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Measurements were taken with a compass and a scale. The 
average error in this measurement was .34 mID. From simple geometry 
(Fig. B.3) 
.34 _ 1200 
dZ - Z 
For Z 2900 mID (torsion and circular tests) 
dZ 2900 
·34 1200 .82 mID 
For Z 2700 rnm 
dZ 2700 
·34 1200 = .76 mID 
The values of dZ in Eq. B.23 and B.24 agree within 10 percent with 
those in Eq. B.20 and B.21. 
B.8 Influence of the.Error dZ on the Curvature 
Using finite differences the curvature can be expressed 
where h = dimension of the grid used 
(B.22) 
(B. 23) 
(B.24) 
(B.25) 
Zl) Z2 and ~ = deflections of three consecutive points on the 
slab surface located h apart from each other. 
Taking dZ as the relative error between points Z2' ~ and ~, 
Eq. B.25 becomes 
1 ~ error = :z (2dZ) 
h 
for h 5 in. and dZ = 0.8 rom (.0315 in.) 
~ error = ~5 (2x.0315 in.) = 252xlO- 5in.- l 
(B.26) 
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The magnitude of the curvatures involved is approximately 
~ yield 80 x 10- 5 in.- l (B.28) 
From Eg. B.27 and B.28, we see that the error in curvature that we 
obtain due to the accuracy of the photogrammetric results is of the 
order of three times the curvature at yield. 
B.9 Conclusion 
It is obvious from these results that, for the obtained 
conditions of accuracy, the photogrammetry results were not suitable for 
determining curvatures or deflections in the test specimens. A similar 
analysis can show its nonsuitability for the determination of strains 
in the concrete slab surface. It should also be noted that, in this 
experiment, conditions of variations of the distance between the photo-
grammetric camera and the test specimen and possibilities of the camera 
itself inducing the errors have been held to a minimum. 
However, it should be mentioned that better results could have 
been obtained with a setup having a greater distance between the two 
cameras placed at a smaller distance from the object. 
It is also proposed, on the basis of the experie~ce acquired, 
that tilting the cameras equally (approximately 45 0 ) so that the measure-
ment area occupies the whole field of vision for both cameras could lead 
·i 
,....('. 
to considerably better results. r'~ 
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z 
(point on the surface p 
of the concrete slab) X R ~~. __________________________ ~~
y 
Q 
z 
--~~---.r---------------~~--~~------------~ X 
91 mm 
B I 
~X"~ 
Y • y" 
~' p" 
+0' 
yll 
+0" Xli 
glass p.lates 
FIG. B.l GEOMETRICAL INTERPRETATION OF THE METHOD 
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FIG. B.2 TRANSFORMATION OF COORDINATES 
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FIG.8.3 ERROR IN DEFLECTION DUE TO AN ERROR IN HORIZONTAL DISTANCE 
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APPENDIX C 
DEFINITIONS AND NOTATIONS 
C'. 1 Defi ni ti ons 
Isostatic moment denotes equal moment in all planar directions. 
Layer of reinforcement or reinforcement layer consists of the 
reinforcing bars in one level in one direction. 
Longitudinal direction denotes the direction of the longer axis 
of the rectangular test specimen. 
C.2 Notations 
this list. 
a. 
l 
a 
n 
A 
A 
s 
Notations which are defined in the text may not be included in 
distance from the top surface of the section to the ith 
resultant concrete force in the n-direction 
= strain at mid-height in the n-direction 
strain at mid-height in the t-direction 
shear strain at mid-height 
constant, defined when used 
= constant to be determined 
defined by Eq. 5.33 
defined by Eq. 5.32 
defined by Eq. ·5.37 
= area of steel reinforcement per unit width in one layer 
513 
A 
seq 
A 
sx 
A 
sy 
b. 
l 
b 
n 
bt 
btn 
b 
u 
B 
Bl 
B 
P 
BI 
P 
B4, 
c 
n 
B5 etc. 
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area of steel reinforcement per unit width in one layer at 
the top face 
equivalent amount of isotropic reinforcement to represent 
the effect of nonisotropic reinforcement 
= amount of reinforcement per unit width in the heavier 
reinforcement layer. 
area of reinforcement per unit width in the x-direction 
= area of reinforcement per unit width in the y-direction 
defined by Eq. 5.36 
distance from the top surface to the ith resultant concrete 
force in the t-direction 
curvature in the n-direction 
curvature in the t-direction 
. I 
twisting in the n-t coordinate system r ... 1: ! 
t • 
. ~ .. ,j 
curvature in the u-direction 
constant, defined when used 
constant to be determined 
,. i 
E A € /(a h) 
s s c ca 
2E A /(E h) 
s s c 
deSignations of rectangular test specimens 
distance from extreme compression fiber to neutral axis 
of a cross section perpendicular to the n-direction 
distance. from extreme compression fiber to neutral axis 
of a cross section perpendicular to the t-direction 
C 
Cl, C2, C3 
d 
deg. 
d 
ntu 
d 
nu 
D 
E 
c 
E 
s 
fl 
C 
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constant to be determined 
constant to be determined 
designations of circular test specimens 
distance from extreme compression fiber to centroid of 
reinforcement 
degrees 
distance from top surface of the section t.o the i th 
layer of reinforcement 
distance from the top face to the resultant force in t.he 
n-direction of t.he t.wo reinforcement. laVers at. the bott.om 
distance from t.he top face to t.he resultant shear force 
of the two reinforcement layers at the bottom 
distance from the top face to the resultant shear force 
at the two reinforcement layers at the top 
distance from the top face to the resultant force in t.he 
n-direction of the t.wo reinforcement layers at the t.op 
distance from the top face to the resultant force in the 
t-direction of the two reinforcement layers at the bottom 
distance from the top face to the resultant force in the 
t-direction of the two reinforcement layers at the top 
diameter; or constant to be determined 
defined by Eq. 5.34 
modulus of elasticity of concrete 
modulus of elasticity of steel 
compress·i ve cylinder strength of concrete (6 by 12-in. 
cylinder) 
fl 
t 
f y 
F . 
nl 
F 
s 
F 
x 
h 
i 
j 
k 
K 
L 
L 
P 
M 
M 
ex 
M 
n 
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split-cylinder strength of concrete (6 by 6-in. cylinder) 
yield stress of reinforcement 
force per unit width in the n-direction in the ith 
concrete compression zone 
force in the reinforcing bar 
.th force per unit width in the t-direction in the l 
compression zone 
component of the force in the reinforcing bar in the 
x-direction 
defined by Eq. 5.34 
height of a cross section 
1, 2, 3, 
distance from the center of the tension reinforcement to 
the resultant compressive force 
"spring'l constant 
distance from the extreme fiber of the compressive 
concrete to its resultant force 
(d - c )/(d - c ) 2 n 1 n 
length 
length of constant pressure 
unit moment 
external principal unit moment in u-direction 
external principal unit moment in v-direction 
unit yield ~oment across yield line 
unit moment in the n-direction 
~ -.", 
}' : 
, 1 
,,:.:) 
M 
nt 
M 
v 
M 
x 
M 
xy 
M y 
ME 
n 
MEt 
n 
N 
n 
N 
na 
N . 
nl 
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unit twisting moment at the cross section perpendicular 
to the n-direction 
unit moment in the t-direction 
unit twisting moment at the cross section perpendicular 
to the t-direction 
moment in the v-direction 
unit resisting moment in the x-direction 
unit resisting twisting moment in the x-y coordinate 
system 
unit resisting moment in the y-direction 
component of Ml and M2 in the n-direction 
twisting moment along the n or t-direction caused by Ml 
component of ~ and M2 in the t-direction 
direction; variable (or number of bars in Silverj's 
test series) 
= force per unit width in the n-direction in the reinforcement 
for per unit width in the n-direction in the reinforcement 
at the top face' 
allowable force per unit width for the reinforcement 
perpendicular to the cracks (n-direction) 
= allowable force per unit width in the n-direction cor the 
reinforcement making an angle a with the n-direction 
steel force per unit width in the n-direction in the ith layer 
N 
x 
N 
Y 
p 
g 
t 
u 
v 
w 
x 
y 
yl 
'0 
= 
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shear force per unit width in a cross section perpendicular 
to the n-direction 
force per unit width in the t-direction in the reinforcement 
force per unit width in the t-direction at the top face 
steel force per unit width in the t-direction in the ith 
layer of reinforcement 
force per unit width in the x-direction in. the reinforcement 
force per unit width in the y-direction in the reinforcement 
location of the yield point in moment-curvature plot 
load or pressure per unit length 
defined by Eg. 4.40 
defined by Eg. 4.62 
defined by Eg. 4.72 
ratio of deformatio~at second and first yield 
spacing (center-center) of reinforcement, layer 1 
spacing (center-center) of reinforcement, layer 2 
direction of yield line; or metric ton 1000kg 
direction of prin~ipal moment 
direction of principal moment 
crack width 
variable; or direction of reinforcing bars 
variable; or direction of reinforcing bars 
value of y at the edge of the crack 
slope of reinforcing bar at the edge of the crack 
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, i 
, I 
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variable, defined when used 
distance from mid-height to the reinforcement in the 
z-direction 
distance from the mid-height to the level of the top 
reinforcement in a section perpendicular to the n-
direction 
distance from the mid-height to the level of the top 
reinforcement in a section perpendicular to the t-direction 
angle, inclination of the reinforcing bar with respect to 
the perpendicular to the crackj or when stated in the text, 
deviation from the span direction 
angle, inclination of the reinforcing bar at the top 
face with respect to the perpendicular to the crack 
angle of reinforcement, layer 1 and 2, with respect to 
the longitudinal direction. (For Houbolt1s square specimens: 
with respect to the span direction) 
angle between the direction of the principal moment Ml 
(the u-direction)and the x-direction 
angle between the directions of the perpendicular to the 
considered principal moment and the direction of the 
respective yield line 
"shear strain'l 
strain in the x-direction 
strain in the y-direction 
maximum,compressive strain in concrete 
E 
cn 
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n 
E' 
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Esax 
E say 
E sx 
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E sx 
E 
sy 
E' t 
e 
520 
maximum compressive strain in concrete in n-direction 
maximum compressive strain in concrete. in t-direction 
strain in the t-direction at mid-height of section 
strain in the n-direction 
strain in the n-direction at the top face 
given by Eq. 4.37a 
strain in the direction of the load with the reinforcement 
in the same direction 
unit average elongation of a reinforcing bar 
strain in the reinforcement in the x-direction 
strain in the reinforcement in the y-direction 
strain in the reinforcement placed in the x-direction and 
at the bottom of the section 
strain in the reinforcement placed in the .x-:-direction 
and at the top of the section 
strain in the reinforcement placed in the y-direction 
and at the bottom of the section 
strain in the reinforcement placed in the y-direction 
' .. :,: 
and at the top of the section 
strain in the t-direction 
defined by Eq. 4.14a I 
.\ 
--' 
= defined by Eq. 4.14 
angle between the direction of the principal curvature 
and the perpendicular to the yield line (Fig. 4.16) 
K 
K' 
r.. .. 
l 
o 
fl 
cr 
c 
cr 
ca 
cr 
s 
cr' 
s 
cr 
sa 
cr' 
sa 
cr 
sc 
cr 
x 
cr 
sa 
cr 
s 
cr' 
sa 
cr' 
su 
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distance from top surface of 
resultant shear force in the 
distance from top surface of 
resultant shear force in the 
the section to the .th l 
t-direction 
the section to the .th l 
n-direction 
ratio between reinforcement in the two perpendicular 
directions. Magnitude can be assumed to be < 1.0 if 
not specifically stated otherwise. 
same as for fl) but related to reinforcement at the top 
surface 
maximum compressive stress in concrete which is assumed 
to be linearly elastic 
average compressive concrete stress 
average tensile concrete stress over the cross section 
stress in steel 
stress in steel in the direction with ~A amount of steel 
s 
average stress in steel bar 
average stress in steel in the direction with ~A 
s 
amount of steel 
stress in reinforcement at the crack 
stress in the x-direction 
cr y 
T 
XI[ 
v 
cp 
CPo 
<J) 
n 
w 
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stress in the y-direction 
shearing stress in x-y coordinate system 
M 1M y x 
reorientation of a reinforcing bar (Chapter 3) 
reorientation of a bar at the crack (Chapter 3) 
curvature at yield 
curvature in the n-direction 
curvature in the t-direction 
i 
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APPEI\TDIX D 
PERIVATION OF EQUATIONS 6.16 AND 6.17 
M tME + ME ,M = 0 
n n n"t n 
M vM y x 
From Eq. 6.1 and Eq. 6.11 
Mn = Mx ~cos2(t3 + ;) + sin2 (t3 + ;)] 
Expand cos2 (t3 + ;) and sin2 (t3 + ;) 
Multiply out the squared terms 
Mn = Mx E( cos2 rcos2i) - 2cosrsinrcosi)sinj3 + sin2rsin2i») 
+ cos
2
rSin
2
i) + 2cosrsinrcosi)sinj3 + Sin2rcos2i)] 
Substitute in the following trigonometric identities 
222 
cos / 1/(1 + tan /) = 1/(1 + z ) 
. 2 2 /( 2) 2/( z2) Sln / = tan; 1 + tan; = z 1 + 
2 2 
sin/cos; = tan;/(l + tan ;) = z/(l x z ) 
where z tan; 
523 
(6.13 ) 
(6.1) 
(6.11) 
(D.l) 
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to get the following 
(1 + Z2)M
n 
= MX~COS2~ + 2(1 - v)sin~cos~ + z2vsin2~ 
. 2 2 2 J + Sln ~ + Z cos ~ 
Operate on Eq. 6.3 similarly to that done on Eq. 6.1 
Mnt = (M - M )sin(~ + y)cos(~ + y) 
x y 
(D.2) 
(6.3) 
Mnt = Mx( 1 - v) G sin~cosy + sinycos~) (cosycos~ - sinysinp) ] 
M M (1 ) G 2 ·.,...,A A' . 2A' 2A = - V cos jSl~o/COS~ - SlnjCOSjSln ~ + SlnjCOSjCOS ~ nt x 
-Sin2YSinf3cOS~ 
(1 + z2)M
n 
= Mx(l - V)~inf3COSt3 - z(sin2t3 - cos2t3) - Z2Sinf3COSt3] 
From Eg. 6.4 and Eq. 6.11 
ME M( 2 .2) n = 1 wcos j + Sln y 
Use Eq. D.l to get 
2 2 MEn = Ml(w + Z )/(1 + Z ) 
Similarly) from Eq. 6.6 
MEnt = (M2 - ~)sinyCosy 
2 MEnt = M1Z(w - 1)/(1 + Z ) 
(D.3 ) 
(6.4) 
(6.11) 
(D.4) 
(6.6) 
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t t E 4 6 ( Z2) Subs itu e q. D. and Eq. D.5 into Eq. .13 and multiply by 1 + 
Introduce Eq. D.2 and D.3 into Eq. D.6 and divide by (1 + z2)M 
x 
Multiply through the terms containing z and factor 
(1 - v)~sin~cos~ + z(wcos2~ - wsin2~) + z2(sin~cos~ 
-wsin$cos~) + z3(cos2~ - sin2~) - z4sin~cos~J 
Collect terms 
31( 2 2 2- 2 \I 
+z ~l - v)(cos ~ - sin ~) + (w - l)(vsin ~ - cos ~~ 
(D.6) 
+z2 G 1 - v) (si~cos~ - wsi~cos~) + 2(w - 1) (1 - '\)) sin~cos~ 
+zITi - v)(wcos2~-·wsin2~) + (w - 1)('\)cos2~ + sin2~~ 
+(1 - v)(wsi~cos~) = 0 
d b .2 d . t f t A. Di vi e y Sln ~ an express In erms 0 co anf-' 
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4 
-z (1 - v)cotan~ 
-~ 2 2 \l 
+Z)L(l - v)(cotan ~ - 1) + (w - l)(v + cotan ~~ 
+z2~(1 - v)(w - l)cotar$ + 2(w - 1)(1 - v)cotar$] 
+z81 - v)(wcotan2~ - w) + (w - 1)(vcotan2~ + 1~ 
+(1 -v)wcotar$ = 0 
Expand terms containing z3 and z 
4 
-z (1 - v)cotar$ 
+z~cotan2~ - w - vwcotan2~ + wv + wvcotan2~ + w 
+(1 - v)wcotar$ = 0 
Collect terms 
h 
-z(l v)cotan~ 
+~3 [-( v - w lcotan213 + wv - ~ 
.... z t( v - w)cotan2~ + wv - ~ 
? +z~(w - 1)(1 - v)cotar$ 
+(1 - v)wcotar$ = 0 
i 
,j 
: I 
. ! 
----
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Let (1 - v)cotanp = A (D.S) 
2 
-(v - w)cotan ~ + Wv - 1 = -B 
Using Eqo D.S, rewrite Eqo D.7 as 
4 2 2 3 
-z A + z wA - z A - z B - zB + A = 0 
Divide by (z2 + l)A 
2 
-z - zB/A + w = 0 
Replace z with tan; and let B/A = WC1 
2 
-tan; - wC1tanj + w = 0 (6.16) 
Substitute Eq. D.S into WC1 = B/A 
2 (v - w)cotan ~ + 1 - Wv 
= ~~~~----~-------(1 - v)cotanp (6.17) 
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